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Abstract
A heretoforeunsolvedproblemof greatarchaeologicalimpor-
tanceis theautomaticassemblyof potsmadeona wheelfrom
thehundreds(or thousands)of sherdsfoundat an excavation
site. An approachis presentedto the automaticestimation
of mathematicalmodelsof suchpotsfrom 3D measurements
of sherds.The overall approachis formulatedanddescribed
andsomedetail is providedon theelementsof theprocedure.
The end result is a representationsuitablefor comparisons,
geometricfeatureextraction,visualizationanddigital archiv-
ing. Matchingof fragmentsandaligning themgeometrically
is basedon matchingbreak-curves(curveson a pot surface
separatingfragments),estimatedaxes and pro�le curves for
individual fragmentsandgroupsof matchedfragments,anda
numberof featuresof groupsof break-curves.Potassemblyis
a bottom-upmaximumlikelihoodperformance-basedsearch.
In our case,associatedwith subassembliesof fragmentsis
a loglikelihood which is a sum of energy functions. Ex-
perimentsare illustratedon pots which were broken for the
purpose,and on sherdsfrom an archaeologicaldig located
in Petra,Jordan. The addressedproblem and solution can
be consideredas problemsin “geometric learning” and in
“perceptualgrouping,” wheresubgroupsof pot fragmentsat a
site locationare to be assembledinto individual virtual pots
andotherfragmentsareto bediscardedasclutter.

Keywords: Object modeling and restoration. Laser scan
dataanalysis. Virtual pots from sherds. Digital Archiving.
Geometriclearning.Perceptualgrouping.

1 Intr oduction
Many archaeologicalexcavationsitesarerich in fragmentsof
pots,calledsherdshereafter, whichareeitheraxially symmet-
ric,1 or look asthoughthey might have suchrotationalstruc-
turebut reallydonot,e.g., thehandlesof ajaror �at sectionsof
thesurfaceof a plate.Thereis greatscienti�c andcultural in-
terestin thearchaeologicalcommunityin reconstructingthese
axially symmetricpotsfrom thesherdsfound.At present,few
pots are reconstructedsince the assemblyis donemanually
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1I.e., theintersectionof thepotoutersurfacewith aplaneperpendicularto
thepotaxisis acircleor nearlyso.

and is time consumingoften taking a few daysfor onepot.
Instead,most pottery is approximatelyclassi�ed using two-
dimensionaldrawing andmeasurementtechniques[5, 4, 11].
This paperpresentsan approachto the largely automatices-
timation of mathematicalmodelsof axially symmetricpots
from 3D laserscanneddataof thesherds.This datais a dense
setof 3D pointsover theoutersurfaceandperhapsothersur-
facesaswell of eachsherd,suchasalongbreaksandtheinside
of thepottery.

1.1 ProblemFormulation

Thevirtual-potassemblyconsistsof threeparts:(i) a descrip-
tion of our modelfor sherdgenerationandsherd-datagener-
ation;2 (ii) a probability measure for a hypothesizedarrange-
mentof sherddatato representa pot (i.e., how well doesan
alignmentof sherdsurfacedataandbreak-curvedatarepresent
anadmissibleaxially symmetricpotshape);(iii) approachesto
aligning thesherddatasuchthat theprobabilityof this align-
mentor of this alignmentandprior pot shapeinformationis a
maximum,i.e., a Bayesianapproachto assembling3D sherd
datato producea mathematicalestimateof a completepot.

The following is our probabilisticmodel for how the data
is generated.ThereareN axially symmetricpotsandA ar-
tifactswhich arenot suchpotsbut look asthoughthey could
besherdsof suchpots. N andA areeithera priori unknown
numbersconstrainedto someranges,or areindependentran-
domvariables.A pot is in somestandardposition.It canhave
a rangeof shapesandsizes.Its shapeis completelyspeci�ed
by anaxisandan associatedpro�le curve(i.e., thesilhouette
from the side). The pro�le curve can be a priori unknown,
or can be a stochasticcurve. The pot also hasa thickness-
curve, which is the thicknessof the pot wall asa function of
heightalongthepotaxis.Again, thicknessmaybeana priori
unknown function or may be stochastic.Note that, potsare
usuallythicker in vicinity of thelip andthewall nearthebase
(Figure1). In general,thicknessat a certainheightof thepot
is notexactlyconstantaroundthesurface;therearesmallvari-
ationswhichareanuisancewhenonetriesto estimatetheaxis
andpro�le curve for a singlesherd.Hence,we canintroduce
a thicknessperturbationfunctionwhich is a deterministicor a
slowly-varyingstochasticfunction.

2By sherdgeneration,we meanthe pieceof broken pot. By sherd-data
generation,wemeantheerosionandlasermeasurementsof theerodedpiece.
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Figure1: Examplesof potterypro�les.

The pot is further partitionedinto sherdsby a setof inter-
sectingbreak-curveson thesurface(Figures2 and3). Break-
curvescanbea priori unknown but satisfyingconstraints,or
canbe stochastic.In this paper, we usethe former. A con-
straint that we imposeis that breakcurves intersectlargely
in verticesof three breakcurves. Theseintersectionsare T
junctionsor Y junctions. Occasionally, four or more break
curveswill intersect,but that is rare. Somesherdsin a pot
can be missing. For the i th pot, this numbersi can be a
priori unknown or canbe a randomvariable. Next, the ge-
ometry of eachsherdmay or may not be deformed. In the
former case,typical causeis erosion. This usually takesthe
form of a smoothingandperhapsa signi�cant amountof ma-
terial removal from the breaksurfaceandpossiblyfrom the
outer/innersurfaces. Finally, each sherdundergoesa Eu-
clideantransformationwhichputsit in its foundposition.With
all of theseparameters,eitherthe parametersareassumedto
be a priori unknown or stochasticwith known distributions
and this determineswhetherthe pot assemblyestimationis
a MaximumLikelihoodEstimation(MLE), or a MaximumA
posteriori Probability estimation(MAP), or a combination
of the two. The measurementdata is a densecollection of
3D laserscannedpoints of the inner, outer, and breaksur-
facesof the sherds.We assumethesemeasurementscontain
errorswhich are independentidentically distributed random
variables,whichareeither3D aroundeachpoint to besensed,
or are1D in thedirectionperpendicularto thesherdsurface.In
theory, this shouldbethecompletemeasurement-errormodel.
In practice,we have found it to beusefulto assumeindepen-
dentbreak-curveandsurfacemeasurement-noises.

Note that other featurescanbe useful in helpingreducing
thesearchspacewhenattemptingmatchingsherds.For exam-
ple, paintingsandtexturepatternson theouterandinnersur-
faces,color variations,3D carvingon thesurfaces,horizontal
circleson theinner/outersurfaceaboutthepotaxisdueto �n-
gersmoothingwhile thepot is spinningon thewheel,etc.We
will not considerthis additionalinformationin this paper, but
we note that our probabilistic framework can accommodate

Figure2: Sherdswhichhavebeenlaserscannedandfor which
we extractedbreak-curve measurementdatausinga dynamic
programmingapproach(see[8]).

Figure3: Geometryusedin representinga fragmentedvessel.

suchdata. Furthermore,higherlevel semanticdescription,as
foundin thedescriptiveapproachesof traditionalarchaeology,
shallbeincludedin our system,at a laterdevelopingphase.

1.2 RecentAttempts at Solving the Sherd As-
semblyProblem

Classi�cation basedon qualitative (e.g., global shape)and
quantitative(e.g., color)featuresof pro�les with human-driven
pre-processingis beingdevelopedat theTechnicalUniversity
of Vienna[7, 17]. Theproblemof matching3D curves- taken
to bebreak-curvesof sherds- hasbeenaddressedby theMid-
dle EastTechnicalUniversityof Ankara. A simplematching
techniquerelying onanaccurate- but potentiallynon-robust-
extractionof thetraceof acurveandthecomputationof curva-
tureandtorsionis described,but only testedon arti�cial data
[18]. Within theDigital Michelangeloproject,a teamis tack-
ling the problemof assemblinga Romanmarblemap from
more than a thousandsherds. This jigsaw puzzle is mostly
a 2D problem,basedon matchingbreakcurvesandpossibly
texture patterns[9]. At the University of Athens,a system
calledtheVirtual Archaeologisthasbeendevelopedto match
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3D sherdsmodeledvia surfacepatches[12]. A regiongrowing
methodstartingfrom a polygonalmeshof thescanneddatais
combinedwith a surfacetexturemeasureto locatebreaksur-
faces.Simulatedannealingis usedto computepairwisesur-
facematchingmeasuresandreducetheerror in matchingdue
to varyingposes.Somelimiting assumptionsaremade.In par-
ticular, two sherdsmay shareonly oneface(surface). While
their approachfocuseson surfaces(segmentationandmatch-
ing), we turnour attentionto otherglobalshapefeatures,such
asthemainaxisof rotationalsymmetry, pro�le andthickness
curves,breakcurves,andothergeometricfeaturessuchasme-
dial axissymmetries,andridgesandvalleysof theinner/outer
surfaces[10]. Recentlywe have achieved high accuracy ex-
tractionandmatchingof 2D and3D breakcurvesby combin-
ing a coarse-scalerepresentationof curves,re�ned iteratively
via a �ne-scaleelasticmatching[8].

2 New Methods for Describing Sherds
and their Re-Assembly

In this section we present the geometric parametersthat
uniquelyandcompletelyspecify the geometryof a sherdor
pot,indicatetheirrolein computingtheprobabilityof themea-
surementdataof a groupof sherdsalignedasa hypothesized
portion of a possiblepot, and commenton the searchalgo-
rithm for doing MLE or MAP estimationof a completepot.
All of thesearemajor new contributionsto a conceptof vir-
tual pot estimationandspeci�c algorithmsfor implementing
the variouspiecesof the approach. For the purposeof this
paper, we have focusedon a subsetof thegeometricinforma-
tion thatcanbeused.This subsetis suf�cient for a prototype
system.It consistsof the outer-surfacebreak-curve common
to the pairsof touchingsherddata-setsin an alignedgroup,
break-curvevertices,axis/pro�le curvefor eachalignedgroup,
and Euclideantransformationsthat take eachsherdfrom its
data-measurementpositionto its positionin analignedgroup.
We have ignoredsherd-thicknessgeometry, paintedor base-
relief patternson thesherdoutersurface,circular ringsmade
by potters�ngers or an instrumenton the inside-surfaceof a
sherd,symmetrysetrepresentations[10], etc.

2.1 Parameters to Describe Sherd Geometry
and MeasurementData

2.1.1 The Setof GeometricParameters

Assumethe pot is in standardposition,i.e., its axis is the z-
axisandit sits on thexy-coordinateplane. Thenthepot and
its fragmentsarespeci�ed by vectorsof parameterslisted in
Table1. Thesedeterminethe parametersof the geometryof
the fragmentsin their original positions.We assumethat the
i th fragmentof a vesselin standardpositionundergoesa Eu-
clideantransformationto move it to a measurementposition,
whichsimplyconsistsof arotationandtranslation.Wecall the
transformedfragmenta “sherd.” This is ana priori arbitrary
transformation.Thespeci�c modelsaredescribedlaterin § 3.

symbol signi�cation
l z-axis(axisof vesselin standardposition)
� Radiuscurvefor entirevessel

(i.e., pro�le-curve,r (z), viz. z-axis)
� i Portionof radiuscurvefor fragmenti
� ij Portionfor theunionof fragmentsi andj
� Break-curvesfor entirevessel
� i Portionof break-curvesfor fragmenti
� ij Portionsharedby fragmentsi andj

Table1: Basicgeometricparameters.Note that, � 's and� 's
areall vectorsof modelparameters(seeFig. 3).

symbol signi�cation

T 0
i Euclideantransformationof i th sherd

R 0
i 3 � 3 rotationmatrix - 3 parameters

t 0
i 3 � 1 translationvector- 3 parameters

l
0

i z-axistransformed(via R 0
i andt 0

i )
w i Unit directionvectorof l

0

i
(2 parameters)

p0i = (x0i ; y0i ) Line locationfor l
0

i
(e.g., intersectionwith xy-plane)

� 0
i Pro�le curvefor i th sherd

� 0
i Transformedbreak-curve� i

T 0
ij Transformationto align thedatasets

of sherdi with thoseof sherdj
l0
ij Axis for thealigneddatasetsi andj

Table 2: Geometricparametervectorsfor sherdsunderEu-
clideantransformations.Boldfaceindicatesavectoror matrix.
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symbol signi�cation

U 0
i Outersurfacedatafor sherdi

V 0
i Break-curvedatafor sherdi

V 0
i;j Break-curvedatafor i th sherd

over i; j th sherdbreak
U 0 Vectorcomposedof all theU i

V 0 Vectorcomposedof all theV i

Table3: Parametervectorsfor measurementdata.

Thegeometricparametersfor transformedfragments,i.e., for
sherds,arelisted in Tables2 and3. Thebasictransformation
equationsarethen:

l
0

i = T 0
i (l )

= f w i ; x0i ; y0i g ;

� 0
i = T 0

i (� i ) ;

� 0
i = T 0

i (� i ) :

TheMeasurementDataparametersarelistedin Table3.
Sherd measurement-datais provided by a Shapegrabber

laser/camerascanner[1]. It produces15,0003D points/sec.
at a resolutionandaccuracy of the orderof 0.25mm. All of
thesepointsaresurfacemeasurements,i.e., measurementsof
outer, inner, andbreaksurfacesincluding the 3D ridgesthat
separatethesesurfaces.For thealgorithmsusedin this paper,
it hasbeenconvenientto extract andusetwo subsetsof the
measurementdata,i.e., thosepointswhich aremeasurements
of a sherdouter-surfaceandthosewhicharemeasurementsof
a sherdouter-surfacebreak-curve. Our approachto doingthis
for the datasetsusedin this paperis fast,basedon cluster-
ing, andis describedin [20]. An alternativeapproachis to use
somesortof modelto estimatebreak-curvesasridges[8] (Fig-
ure2) andthenextractthosedatapointsthatarecloseto these
estimatedridges.

2.1.2 Assumptions

A. 1 (Surfacemeasurementpoints are iid N (0; � 2
s )) These

are independent,identically distributed, Gaussianperturba-
tions perpendicularto the surfaceand having mean0 and
variance� 2

s .

See[3] for a justi�cation of this model.

A. 2 (Break-curvemeasurementpoints are iid N (0; � 2
b))

These are independent,identically distributed spherically
symmetricGaussianperturbations in 3-space, about each
pointon thetrue break-curve, with mean0 andvariance� 2

b .

Note that, better, but morecomplicated,modelscanbe used
suchas:

1. Noisedependenton theanglebetweenthe incidentlaser
measurementrayandthesurfacenormal.

2. Incorporatingasherdbreak-curveerosionmodel.

2.1.3 Exampleof oneof theseprobability densities

Assumea planespeci�edby point p0 andunit vectorw, then
theprobabilitydensityfor thesurfacemeasurementpoint p is
givenas:

P(pjw; p0) =
1

p
2� � 2

s

exp
�

�
1

2� 2
s

�
w t (p � p0)

� 2
�

: (1)

2.2 TheProbability of All theDatagivenAll the
Global GeometryParameters

Thejoint probabilityof all surfaceandbreak-curvedatagiven
a pro�le curve,a break-curve,andall transformationsto align
sherds,canbewrittenas:

P(U 0; V 0jT 0; �; � ) =
Y

i

P(U 0
i ; V 0

i jT
0
i ; �; � ) (2)

=
Y

i

P(U 0
i ; V 0

i jT
0
i l

0
; � 0

i ; � 0
i ) :

TheMLE is thevectorof valuesfor T 0; �; � thatmaximizes
(2). A combinedMAP andMLE is thevectorof valuesthat
maximizesP(U 0; V 0jT 0; �; � )P(� ), whereP(� ) is thea pri-
ori probability distribution for the vesselpro�le curve. Note
that, eqn.(2)illustratesthe role of T 0

i , i.e., it translatesl , � i

and� i to thei th sherdfounddata-setposition.Also notethat
� i = T i (� 0

i ) whereT i = (T 0
i )

� 1.

2.3 Combining SherdData usingMLE

The following is our approachto sherdassembly. The fun-
damentalfeaturesto be usedfor eachsherdare outer sur-
facebreak-curve,axis/pro�le curve,andverticesof thebreak-
curve. For axis/pro�le curve, it is not just the shapeof the
pro�le curvethatis important,but alsoits orientationanddis-
tancefrom the axis. Distancefrom the axis at eachpoint
alongthe pro�le curve is the radiusof the pot at that height
alongthe axis. The loglikelihoodof a groupof two or more
sherds,3 henceforthcalleda con�guration , is thenegative of
the sum of (i) the loglikelihoodsof the break-curve data �t
to theestimatedbreak-curvebetweenpairsof adjacentsherds
and (ii) the loglikelihood of the surface-data�t to the esti-
matedaxis/pro�le curve for thecon�guration(i.e., theassem-
bled groupof sherds).In § 3.4 we show that this is the sum
of a numberof energy functions,which resultin a cost(error)
function for the assemblyrepresentingwhat shouldbe mini-
mized.Theparametersto beestimatedfor thispurposearethe
Euclideanalignmenttransformationfor eachsherd,andthere-
sultingouter-surfacebreak-curveandaxis/pro�le curve.

Thedata-setto think aboutin the following is a setof 100
to 200sherds,which, asindicatedin § 1.1, couldcomefrom
a numberof pots aswell as from otherobjects. The search

3I.e., thelog of theprobabilityof themeasurementdatagiventhegeomet-
ric arrangementof thesherds.
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aimsat groupingandaligning sherdsalongcontoursof con-
stantcost.Hence,we proceedasfollows:

1. Estimatethe axis/pro�le-curve for eachsherd:associate
the resultingerror measure, i.e., thesumof squareddis-
tancesfrom the surfacedatameasurementsto the MLE
for thesherd3D surface;see§ 3.2 thru 3.3. This is com-
putationallycostly.

2. For eachpair of sherds,estimateall reasonablealign-
mentsbasedonbreak-curvedata.Thisis computationally
fast;see§ 3.1 thru 3.1.2.Eachalignedpair formsa con-
�gur ation. Then,a consistency checkis run. This is to
seewhetherthe two sherdsoverlapsigni�cantly. If they
do, thatsherd-pairalignmentis not consideredfurther.

3. For each con�guration from step 2, improve the
alignment and estimate the axis/pro�le-curve for the
improved-alignedpair. The improved alignmentis ob-
tainedby minimizing the sum of the break-curve data-
alignmenterrors and the surface-datamodel-�t errors.
Sincethis canstartfrom theresultsof steps1 and2, the
computationcostis signi�cant but not aslargeasthat in
step1. The resultinggroup of con�gurations, together
with thecost(i.e., errormeasureassociatedwith thepair)
for eachcon�guration, is storedin a tablein orderof in-
creasingcost. Also includedin this tablearethe1-sherd
con�gurationsfrom step1. Theassociatedcostfor each
1-sherdcon�guration is basedonly on the outer-surface
measurementdata;see§ 3.4.

4. Explore merging pairs of con�gurations, where each
mergeis of two 2-sherdcon�gurationsor of one2-sherd
con�guration with one1-sherdcon�guration. Con�gu-
rationsto be alignedarethosewhich result in new con-
�gurations having minimal associatedcosts. In general,
only asmallfractionof all possiblealignmentsneedto be
consideredfor two reasons:

(a) Thosealignmentsinvolving pairsof con�gurations
whereeachcon�gurationin thepairhasahighcost,
will not result in a new con�guration having small
costand, thus,only con�gurationsnearthe top of
thetableneedto beconsidered.

(b) Sincean alignmentof two con�gurationsinvolves
aligning one or more pairs of sherds,eachsherd
in sucha pair belongingto a different con�gura-
tion, a �rst roughalignmentof the two con�gura-
tionscanbeobtainedfrom tablelookup,andalign-
mentgeometriesthatresultin signi�cant con�gura-
tion overlapsarequickly detectedanddiscarded.

5. Lastly, improve all remainingminimal-costalignments
throughre-estimationof break-curvesandpro�le-curves.
The resulting con�gurations along with their costsare
addedto the table,andthealignmentof pairsof con�g-
urationsin the updatedtablecontinues.This alignment
proceedsalongcontoursof constantcost.

Note that, sherdscontainingportions of both pot tops and
pot walls, andsherdscontainingportionsof bothpot bottoms
andpot walls areespeciallyuseful. Sincethey containhigh-
curvatureridgestructure,they providemoreaccuratepot-axis
estimatesthando low-curvaturesherdscontainingportionsof
pot walls only. Also, thesesherdsare pot-geometrydelim-
iters: this informationcanbe usedeffectively in determining
which con�gurationsto align next andthusreducecomputa-
tionalcostin thesherdassemblyprocess

Variousotherissueshave beenglossedover in this discus-
sion.For example,thecoststhatmeasurehow well thebreak-
curve data �ts the estimatedbreak-curve and how well the
surface-data�ts the3D surfacemodeldeterminedby theesti-
matedaxis/pro�le-curveinvolvenumbersof datapointswhich
differ by two or threeordersof magnitude.Hence,somenor-
malizationmustbe introducedin orderthatonecostdoesnot
completelyoverwhelmthe contribution of the other. Other
normalizationsmay be necessarybecausethe simple proba-
bilistic distributions we are using may not be representative
enoughfor thefull rangeof geometricdeformationsto been-
countered.A secondobservation is that even thoughonly a
few of themany sherdsassociatedwith a pot may bepresent
in thedata-setbeingprocessedandevenif noneor only a few
of themshareacommonbreak-curve,it maystill bepossibleto
estimatethe virtual pot basedon the setof axis/pro�le-curve
estimatesfor thesesherds.In theory, this canbe doneif the
verticalextentsof thesherdspresentcoverstheverticalextent
of the entire pot. A third commentis that in the preceding
discussion,all thesherdsurfaceandbreak-curvemeasurement
datagetsprocessedeachtime a sherdis involved in a con-
�guration appearingin a pair of con�gurationsthatarebeing
aligned.As mentionedin § 3.4, thepossibilityexistsof using
theestimatedgeometricparametersandtheir covariancema-
tricesin Mahalanobisdistancesto dothealignmentratherthan
usingtheraw data.This would speedup therequiredcompu-
tation by oneto two ordersof magnitude. See[3] for basic
ideas.

3 Sherd-DataAlignmentsandPot Geo-
metry Estimation

3.1 Modeling and Alignment of Break-Curve
Data for Pairs and Triples of Sherds

In thissectionwe�rst describeourapproachto aligningapair
of sherdsbasedon their break-curvedata,andthenshow that
this approachis the MLE of the portion of the break-curve
commonto the pair of fragments. The representationused
for theportionof break-curvecommonto a pair of fragments
is a �nite sequenceof points on this break-curve segment.
Hence,the alignmentof the two sherdsinvolves(i) keeping
themeasurement-datafor onesherd�x ed,and,(ii) determin-
ing theEuclideantransformationof themeasurement-datafor
theothersherd.Thisis performedsuchthat(i) thebreak-curve
datamatcheswell ata�nite numberof points,and,(ii) thetan-
gentsfor theouter-surfacedataof the two sherdsat a pair of
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matchingbreak-curve pointsareroughly the same. This en-
suresthat the two break-curve data-setsmatchwell and that
theestimatedouter-surfaces�t togethersmoothlywith conti-
nuity of thenormalsto thesurfaces.

We begin by matchingthe break-curve measurementsfor
eachsherdstartingwhereit hasvertices.Theseverticesoccur
wheretwo, three,and in rarecases,four or moresherdver-
ticesmeet.In theprevalentcasesof two or threevertex points,
theverticescanmeetin T-junctionsor Y-junctionsrespectively
(Figure3).

Thereare typically four to six suchverticesfor a break-
curveof asherd.Hence,thereareroughly65suchverticesfor
the13sherdsresultingfrom oneof thepotswehavescanned.4

We try to matcha pair of sherdsstartingat thevertices.To-
wardthisend,weputdown a�nite numberof pointsalongthe
measuredbreak-curvefor eachsherdstartingat a vertex. Suc-
cessive pointsarea Euclideandistance“d” from oneanother.
For a givensherd,eachmeasuredbreakcurveis matchedwith
all themeasuredbreakcurveson othersherds.Theerrorcri-
terion is a sumof squarederrors,andthe error function also
containsthesumof squareddifferencesin themeasuredunit
normalsto thesurfacesat thedatapointsusedin thematches.
Let us considerthe break-curve datapoint p im , from sherd
i , and denoteR and t as the estimatedrotation matrix and
translationvectorsolutionsto equation(3) below, where� is a
chosenpositiveconstant,n im is theunit normalto thesurface
dataof sherdi at thebreak-curvedata-pointp im andM is the
numberof datapointsused,which is 5 at present.Thenwe
have theoptimizationproblem:

min
R ; t

MX

m =1

h
kp im � Rp j m � t k2 + � kn im � Rn j m k2

i
:

(3)
Theresultingalignmentsarevery goodin practice.In gen-

eral,the5 datapointsoccupy only asmallportionof thebreak-
curve segmentcommonto the pair of sherds. In somein-
stances,it maybeusefulto try a few startinglocationsfor the
�rst point at a vertex. Notethat,in our experimentsthusfar, a
humanlocatesthebreak-curvevertices.Wedohaveautomatic
vertex-detectionrunning,but havenotyet testedit extensively.
Also, from a practicalpoint of view, 3D scanningof sherds
takesa certainamountof time, andfor a humanto mark the
locationsof ambiguousverticestakescomparatively negligi-
ble time.

Equation(3) hasanexplicit solution. This is a linear least-
squaresproblem,andthe solutionis computedat little cost.5

How muchcomputation,then, is involved in examiningdata
for all pairsof sherdsin anarchaeologicalsitein orderto check
for acceptablematchesandalignments?Let us assumethat
a sherdhas4 verticeson average,and that 200 sherdsmust
be consideredat a given site locus. Then, thereareroughly

4Experimentswererun on a pot broken for the purposein orderto have
groundtruth.

5It takeslessthanamillisecondof CPUtimeonour PCs.

4 � 200 = 800break-curvesegmentsthatmustbecompared
for possiblematches.Hence,thereare roughly (8002=2) =
320; 000pairsthatmustbecheckedfor matches.If eachmatch
computationtakesaboutonemillisecond,thetotalof all match
checksandalignmentstakesabout6 minutesoncethesherds
havebeenscannedandtheir3D break-curveandouter-surface
dataareavailable.Storedwith eachmatchedpair is thesumof
squarederrorsbetweenthe � ve pairsof correspondingpoints
usedin thealignmentcomputation.We denotethis erroreT :

eT �
MX

m =1

kp im � Rp j m � t k2 ; (4)

whereT is the transformationthat producedthe bestalign-
ment.

3.1.1 Break-Curve and Surface-Tangent Alignment Ex-
periments

Experimentswererun on a pot thatwe broke in orderto have
sherdsthat we knew could be matched,andin order to have
groundtruth. Thepot wasbrokenin a way to producesherds
consistentwith thosefoundat archaeologicalsites.Thereare
13 sherdsin the pot usedin this example. Figure 4 shows
matchedandalignedbreak-curve datafor 8 pairs of sherds.
Thepieceof break-curve usedfor eachmatchingis indicated
by a pair of numbers,oneon eachsideof thecommonbreak-
curve andlocatedat the verticesused. A “1” anda “10” are
suchapairof numbers.Thefour examplesin the�rst row , (a)-
(d), representcorrectmatcheswith resultingalignments.The
four examplesin thesecondrow, (e)-(h),areincorrectmatches
and alignments. For the four incorrectmatchesshown, the
matchingerroris small,i.e., the� vepairsof pointsmatchwell.
It doesoccur in practicethat an incorrectmatchmay have a
smallermatch-errorthanwill a correctmatch. Note how in
Figure4.(g) thebreak-curvedatafor thetwo sherdsresultin a
verygood�t, eventhoughthematchis incorrect.Thereareat
leasttwo waysto detectmatchesthatshouldberecognizedas
incorrect. First,portionsof thesherdsurfaceregionsbounded
by thebreak-curvedataoverlap, asillustratedin cases(e)and
(f), andthis canbe detectedautomaticallyandquickly. Sec-
ond, the pro�le curve for the surfacedatafor eachmatched
pair of sherdswill not beaccurate, i.e., therewill bea sizable
�tting error for the estimateof the pro�le curve for the data
for the pair of sherds,which is alsoeasilydetected.This is
illustratedby cases(g) and(h).

Aligning Triplets of Sherds. Two examplesof correctly-
matchedtriplets areshown in Figure5. With eachthereare
two viewsof theassembledsherdsin orderthatonebeableto
visualizethequality of thesherdassembly. In thesecasesone
sherdis held �x ed andeachof the othertwo is transformed,
which meansthat two transformationsmust be estimatedor
12parameters.Theseparametersareestimatedsimultaneously
usingall the matchingdatain a singlecostfunction. Hence,
theestimateof apairof transformationsis basedonthematch-
ing of 15 pairsof pointsandassociatedpairsof normals.Un-
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure4: Break-curvepairmatches.

Figure5: Break-curvetriplet matches.

fortunately, in this casetheestimationis nonlinear. Notethat
thematchingis notperfect,especiallyfor thebottomof thepot
in thesecondtriplet. Thematchingcanbeimprovedby using
dataat the otherverticesaswell, by automaticallyadjusting
thelocationsof the�rst pointsat theverticesbetter, and,more
generally, by usingpointsalongtheentirecommonportionsof
thebreak-curvesandusingdensersetsof pointsanddynamic
local curve-scalingduring the point matching.The approach
extendsimmediatelyto four or moregroupsof sherds,where
k � 1 transformationsmustbe estimatedsimultaneouslyfor
optimallymatchingk sherds.

3.1.2 Joint Estimation of � ij and T for MLE Aligning

Weshow thatthesolutionof equation(3) is theMLE for T and
� 12, whereT is the transformationthatalignssherd2 break-
curvedatawith thatof sherd1.

For theapproachin § 3.1,we haverepresentedbreak-curve
segment� 12 by a sequenceof M pointspm , m = 1; : : : ; M
on� 12. Hence,for thiscurve-representation,� 12 is thecolumn
vector(pt

1; pt
2; : : : ; pt

M )t whichhas3M components.
Thedatagenerationprobabilitymodelweuseis thefollow-

ing. Denoteby � a point on thetruebreak-curvesegment� ij .
Denoteby q a measurementof this point, andby � it' s co-
variancematrix. Thenwe assumeq hasthe pdf (probability
densityfunction):

P(q j �; �) =

(2� )(� 3
2 ) j� j �

1
2 exp

�
�

1
2

(q � � )t � � 1(q � � )
�

:

For§ 3.1,wetook� = � 2
b I whereI is the3� 3 identitymatrix.

Then,
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P(q j �; �) = (2� � 2
b)( � 3

2 ) exp
�

�
1

2� 2
b

kq � � k2
�

:

Now, �x sherd1. It hasbreak-curve measurementpoints
p1m ; m = 1; : : : ; M (see§ 3.1). Sherd2 hasbreak-curve
measurementpoints p2m . Theseget transformedby Eu-
clideantransformationT to producepointsp0

2m = T (p2m ) =
Rp 2m + t , which are to align with the p1m . We assume
p im ; (i = 1; 2; m = 1; : : : ; M ), are statistically indepen-
dentmeasurements,andthatp1m andp0

2m aremeasurements
of point pm which is on thetruebreak-curve � 12. Denoteby
f p im g thesetf p im : i = 1; 2;m = 1; : : : ; M g. Then,

ln P (f p im g j f pm g [ T ) = ln((2� � 2
b )� 3M ) �

�
1

2� 2
b

� MX

m =1

[ kp1m � pm k2 + kp0
2m � pm k2 ] : (5)

The MLE of T andpm : m = 1; : : : ; M , arethevaluesfor
which (5) is maximum. Thesecanbe foundby �xing T and
solvingfor theoptimumpm , andthensolvingfor theoptimum
T . The valuesfor pm : m = 1; : : : M , for which (5) is
maximumarebpm = (p1m + p0

2m )=2, andthen(5) becomes:

ln((2� � 2
b )� 3M ) �

�
1

4� 2
b

� MX

m =1

kp1m � p0
2m k2 =

ln((2� � 2
b )� 3M ) �

�
1

4� 2
b

�
eT : (6)

Finally, (6) mustbe maximizedwith respectto T , equiva-
lently, minimizeeT with respectto T to obtain bT . TheMLEs
bT andbpm ; m = 1; : : : ; 5 areexactly thoseusedin matching
andalignmentin § 3.1.

3.2 Sherd SurfaceCharacterization

Whereaseffectivealgorithmshavebeendevelopedfor estimat-
ing theaxisandassociatedpro�le curve for a sherdthatcom-
prisesa large portion of the surfaceof an axially symmetric
pot, theredonotappearto beeffectivealgorithmsfor estimat-
ing a pot axis whenthe sherdis a very small portion of the
pot or whenthepro�le curveis complicated. But thesecases
areimportantin practiceandchallengingin concept.In [20],
we introducethreenew approachesto estimatingaxis/pro�le-
curves,quantitatively evaluatetheirperformances,anddiscuss
their relative strengths.They all aremoreaccuratethanalgo-
rithms presentlyin the publishedliterature. We presenttwo
of themin § 3.2.2and§ 3.3, respectively. Oneestimatesthe
axis andpro�le-curve pair jointly throughmaximizationof a
performancefunction which is closeto MLE. The other es-
timatesthe axis basedon local datacurvature-estimates,and
thenobtainsa pro�le curvebasedon theestimatedaxis. Both
aretestedon a representative spectrumof challengingouter-
surfacemeasurementdataof sherdsfrom Petra,Jordan[6].

(a)p642 (b) p654 (c) p997

(d) p1135 (e)p1313 (f) p967

Figure 6: A spectrumof archaeologicalsherdsfrom the
GreatTemplesite of Petra,Jordan[6], usedto illustrateour
axis/pro�le-curveestimation.

Thealgorithmsof § 3.2.2and3.3 arethemostaccurate.The
third algorithmpresentedin [20] is lessaccurate,but is com-
putationallyalmosttwo ordersof magnitudefaster.

3.2.1 Surfacesof Revolution

Surfacesof revolution arecommonlyencounteredin the �eld
of elementarydifferentialgeometry[14]. A surfaceof revolu-
tion S is obtainedby revolving a planarcurve C abouta line
l . C correspondsto the previous notion of pro�le curve, � ,
andl is theaxisof S. Whenthez-axis is takenastheaxisof
revolution for the pro�le curve thesurfaceS may be de�ned
parametricallysimplyas:

S (r; � ; z) � (r (z) cos� ; r (z) sin � ; z) : (7)

With this parameterization,thecurvesr = constant arepar-
allelsof S andthecurves� = constant aremeridiansof S.

3.2.2 Mathematical Models

Wehaveparameterizedtheaxisof symmetry, l , usingthestan-
dardparametricequationof a 3D line:

x = mx z + bx ;
y = my z + by :

(8)
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Theseequationscontainfour unknown parameters.Two of
these,mx andmy , describetheslopeof theline whenit is pro-
jectedonto the xz-planeandthe yz-plane,respectively. The
remainingtwo parameters,bx andby , specifywherethe line
interceptsthexy-planeat z = 0.

The pro�le curve model for the pot surfacemust be gen-
eral enoughto representa wide variety of possibleshapes.
Figures1 and6 illustrate the rangeof geometriccomplexity
which potterysherdsfrom only a singlesitemayexhibit. It is
importantto notethatsomeof thepot sherdsshown cannotbe
representedby explicit functionswith respectto theaxis. For
example,r (z) is multivaluedfor valuesof z nearthe top of
the sherdin Fig. 6.(d). Consequently, we proposeto useim-
plicit polynomialmodels, ratherthanexplicit pro�le models,
to representthepro�le curve in theapproachdescribedin this
section. The approachin § 3.3 canalsohandlethesemulti-
valuedradiussituationsbecauseit doesnotuseapro�le-curve
modelin theaxisestimation.

Implicit polynomialsurfacesandcurvesarevery powerful
shapemodelswhich arecapableof representingthewide va-
riety of geometriesinvolved in this problem[16, 15, 2]. The
generalform of suchacurveof degreed has[(d+ 1)(d+ 2)=2]
unknown coef�cients andtakesthefollowing form:

f d(r; z) =
X

0� j + k � d; j;k � 0

aj k r j zk = 0: (9)

Here,d is a parameterwhich is relatedto thegeometriccom-
plexity of thepotterysherdto beestimated.Typically oneas-
signsthesmallestvalueto d whichis largeenoughto represent
all objectsof interest.In this way, objectswhichmayhave lit-
tle geometriccomplexity aredescribedasdegeneratecasesof
the morecomplex model. For the artifactsin this paper, all
experimentsareperformedwith d = 6.

To estimatethepolynomialmodel,the(r; z) componentof
thespatialdataandthenormaldataarecomputed.Note that
this can also be viewed as an orthogonalprojection of the
data from (r; � ; z) to (r; z). This projection into r z-space
preservesthedistancerelationshipbetweentheaxisandeach
point p i in xyz-space,but discardsthecomponentof thesur-
facenormalin the� direction.Hence,for any 3D normal,n i ,
the correspondingprojectednormal, np

i , may not be of unit
length,i.e., knp

i k � 1. Theseparametersde�ne theobjective
function(10)below, which is amodi�ed versionof theenergy
functionin [15], for estimatingthepro�le curvecoef�cients:

egr ad =
IX

i =1

(f 2
d (r i ; zi ) + � knp

i � r f d(r i ; zi )k
2) ; (10)

where r f d(r i ; zi ) =
�

@f d
@r

@f d
@z

� t
denotesthe gradient.

Note that, f 2
d (r i ; zi ) is the data�tting error in (10). The re-

mainingportionof thesummationis relatively smallandis for
thepurposeof regularizationin theminimization.

Model Estimation Algorithm This methodutilizes a two-
stepiterativealgorithmto estimatetheaxisandassociatedpro-

�le curvewhichbestdescribestheobserved3D data.Thenon-
lineariterativeminimizationis:

1. Basedonthevalueof theobjectivefunctionafterthepre-
cedingiteration, choosea new value for the parameter
vector(mx ; my ; bx ; by ) specifyingthepotaxis.

2. Minimize egr ad in eqn.(10) by solving for theoptimum
pro�le-curve polynomialcoef�cients aj k (seeeqn.(9)).
This is a linear least-squaresproblemandthereis a fast-
to-computeexplicit solution.

3. Returnto 1 or stop.

Sincethesurfacemodeldependson theaxis,theresultingob-
jective function is highly non-linear. Consequently, conver-
genceto alocalminimummayoccurif minimizationis started
far from the true parametervalue. The estimationalgorithm
needsonly ahypothesizedaxisof symmetryin orderto begin.
In practice,we begin with the axis estimateprovided by an
improved version[20] of the Plücker coordinatesmethodas
describedin [13, 19] (someadditionalinformationis givenin
§ 3.3). This initial estimateis very fast— probablylessthan
amillisecond.Thetotal computationtime6 is of theorderof 1
to 3 minutesfor roughly3,000datapoints.

3.2.3 Resultson Ar chaeologicalData

Figure6 shows a setof six sherdsfrom theBrown University
archaeologicaldig at Petra,Jordan[6], which were usedto
evaluatethealgorithmabove. For eachof thedata-setsthepa-
rameters,i.e., axisandpro�le curvecoef�cients, of thesurface
of revolution were estimated. Theseparametervalueswere
thenusedto generatetheportionof axially-symmetricpotsur-
faceover theextentof thesherd-axiscoveredby thedata,and
the sherdsurface-datais overlaid in white on this slabof es-
timatedpot-surface. Also, uponrotatingthe estimatedsherd
data-axisto coincidewith thez-axis, thedistanceof each3D
surfacedata-pointis plottedasa function of z. Thesepoints
would lie exactly on the sherdpro�le-curve if the sherd-axis
wereestimatedwithouterrorandif thedata-pointswerenoise-
less.However, sincethedata-pointsarenot noiselessandthe
true axis estimateis not without error, the plotted points lie
in a swath aboutthe true pro�le curve. In general,increas-
ing error in estimatedaxispositionresultsin increasingdata-
swathspreadaboutthe truepro�le curve. Thenarrownessof
theswathesof datain Figure7 areindicative of theaccuracy
of our estimatesfor axesfor thesedif�cult examples.Covari-
ancesfor theaxis parametersappearin [20]. Note that some
of thesherdsshown areverysmall,e.g., Figures6.(b),(f),and
it is agreeablysurprisingthat useful axis/pro�le-curve pairs
can be found for these. Sherd6.(b) appearsto be from the
samepot asis 6.(a),andthoughthetwo sherdsdo not sharea
commonbreak-curvesegment,6.(b)appearsto coverthesame
axisheight-rangeasdoestheportionof 6.(a)from thesurface-
ridgedown. Also, 6.(d) is anexampleof a smallsherdhaving
asomewhatcomplicatedmulti-valuedradiusfunctionr (z).

6ImplementedusingtheC programminglanguage.
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(a)p642

(b) p654

(c) p997

(d) p1135

(e)p1313

(f) p967

Figure7: Axis/pro�le-curve estimatesfor the sherdsof Fig-
ure6, andvisualizationof theseestimated3D potmodelsover
theassociatedz-axisintervals.

3.3 Extracting the Axis of Revolution and Pro-
�le Curvevia Spheresof Curvature

This sectiondescribesan approachto estimatingthepot axis
directly. Givena perfectsurfaceof revolution,oneof thetwo
familiesof lines of curvaturearecirclesof revolution (paral-
lels of thesurface)with centerson theaxis andtheotherare
thegeneratorcurves(meridiansof thesurface),lying in planes
containingtheaxis.But, unfortunately, potsherdsarefar from
perfect,e.g., dueto imperfectionsin themeasurementprocess
andsubsequenterosion.They arenoisysurfacesof revolution.

We de�ne spheresof curvature to be the spherescentered
at oneof theprincipalcentersof curvatureandhaving radius
equalto thecorrespondingradiusof curvature.Thesespheres
aretangentto thesurface.It is easyto show thatfor eachpoint
on thesurface,thecenterof thesphereof principalcurvature
correspondingto theparallelcirclesis onthemainaxis(of rev-
olution). By �nding theline whichminimizestheleastsquares
distancefrom theestimatedcentersto it, wecan�nd themain
axisandits pro�le curve.

Oneusefulfeatureof asurfaceof revolutionis thattheprin-
cipal curvaturecorrespondingto the parallelcirclesdoesnot
dependon secondderivatives;we denotethis principalcurva-
ture � � . Given a setof m 3D data-pointsfrom a surfaceof
revolution, let p i and n i be the m 3D datapointsand their
correspondingnormals.Supposetheaxisof revolution is the
line l . This axiscanbespeci�edby a point p0 on l anda unit
vectorw correspondingto the direction of l . We make the
point p0 uniqueby requiringp0 � w = 0. For any point p on
the surface,supposethe normalat that point is n. It canbe
shown that

� � =
kn � wk

k(p � p0) � wk
:

All thecentersof thesphereof curvaturecorrespondingto � �

shouldbe on the axis of revolution, hencewe canminimize
following function:

f (p0; w) =
P m

i =1






 (p i � p0) � w � k(p � p 0 ) � w k

kn � w k (n i � w)







2
:

Therearesix parametersin the function f , which arenot
independent.They satisfythefollowing constraints:

p0 � w = 0 and kwk = 1:

We wantto reducethesix dependentparametersto four inde-
pendentparameters.De�ne thematrix R asfollowing:

R =
�

cos� sin  sin � cos sin  
� sin � cos� 0

�
;

thenthevectorw canberepresentedas:

w =
�

� cos� sin  � sin � sin  cos 
� T

:
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De�ne p0
0 = (x0

0; y0
0)T = R � p0. Thenthe objective func-

tion f can be representedas a function of four parameters,
�;  ; x0

0; y0
0:

f (�;  ; x0
0; y0

0) =
P m

i =1








 (R � p i � p0

0) � k(R �p � p 0
0 )k

kR �n i k (R � n i )










2

:

(11)
Potmannet al. [13] proposeda direct solution to recon-

structhelical surfacesor surfacesof revolution usingline ge-
ometric concepts. Their algorithm is basedon the fact that
the normalsof thesesurfaceslie in linear complices. Using
normalizedPlückercoordinates,theleastsquaresdistancebe-
tweena line and the setof normalscanbe representedby a
positive semide�nitequadraticform. Minimizing thatform is
thenreducedto ageneralizedeigenvalueproblem.Weusethis
solutionasour initial startingpoint. After we get theaxisof
revolution,we cancalculatethedistancefrom eachdatapoint
to theaxis,anddoa cubicspline�t to getthepro�le curve.

Experimentswererun on the datasetusedin § 3.2.3. The
datafor eachsherdis a denseset of unorganized3D points
andtheir measurednormals.Figure8 is anexampleof exper-
imentalresults.Thestatisticsshown andothersweregathered
for thesherdsin § 3.2.3.Theaccuracy (covariancematrix) of
thisaxisestimatoris verygood– comparableto thatin § 3.2.2
– betterin somecasesandnot asgoodin others.See[20] for
a quantitativecomparisonof theseandanotheralgorithm.

We usetheglobal featuresof thesurfaceof revolution,and
avoid computinghigh orderderivatives,hencethis methodis
robustto noisydata.Dueto its leastsquaresnature,it maybe
sensitive to outliers in the currentformat. This canbe over-
comedby weightedleastsquares.The objective function 11
is easyto calculate,andthe minimizationcanbe carriedout
by generaliterative methods. In its presentimplementation,
the computationtime is a few minutesfor a datasetof a few
thousandpoints.7

3.4 Aligning Sherd-Data for Pairs by MLE of
Break-Curvesand Axis/Pro�le-Cur ves

Our approachto estimatingthe optimumjoint geometryof a
pair of sherdsbasedon their break-curve and surfacedata-
setsjointly is describedin this section.In § 3.1 we described
sherd-pairalignmentbasedon break-curve data alone. In
§ 3.2 and 3.3 we describedsherd-surfacemodel estimation,
i.e., axis/pro�le-curve estimationbasedon surfacedataonly.
Hence,theapproachin this sectionis to minimizeacostfunc-
tion which is the sum of the cost functionsdiscussedin the
aforementionedsections.

Denote(all) theavailablegeometricdataby � i;j , thebreak-
curvedataby � i;j andthesurfacedataby 
 i;j , this for sherds
i andj . Thenalignmentandpot modelestimationfor sherd
i andj datasetsjointly, is doneby theminimizationover all
geometricparameters,i.e.:

7Implementedin theMATLAB? softwareenvironment.

Figure8: On the left is the pro�le curve for sherd642 (see
Figure6.(a)); on the right is thestandarddeviation of thees-
timatedpro�le curve asa function of heightalongthe sherd
axis,basedonaxisestimatesusing500independentbootstrap
samples.

(a) p11 (b) p12

Figure9: Two of the13sherdscomprisingabrokenpot. Some
of thesesherdsalsoappearin Figure7. Breakinga pot pro-
vided sherdsthat sharedcommonboundaries.The 1 and1'
denotebreak-curvesthatarecommonto thepair of sherds.

min [� logP f � i;j j � ij ; l ij ; T ij ; � ij g] =

min [� logP f � i;j j T ij g � logP f 
 i;j j T ij ; l ij ; � ij g] =

eT + egr ad + constant;

wherethetwo energies,eT andegr ad , arede�ned in equations
(4) and(10), respectively.

The implementedalgorithmusesapproximationsfor doing
the minimization, is computationallyfast, and is reasonably
accuratefor the few examplestried. Figures9 and10 arere-
sultsfor onesuchexperiment.This algorithmis presentlyun-
dergoingre�nement.

4 Conclusion

A Bayesianapproachhasbeenoutlinedfor the estimationof
mathematicalrepresentationsfor potsbasedon sherdsfound
atarchaeologysites.Thekey algorithmsfor implementingthe
approachhave beendeveloped,andexperimentalresultsfrom
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(a) (b)

Figure10: Estimatedjoint geometry. The sherddata�ts to-
getherwell, (a), theprojected-datascatterabouttheestimated
pro�le curveis small,(b).

applyingthesealgorithmsto realsherd3D datahavebeenpre-
sentedanddiscussed.At this time,experimentshavebeenrun
onautomaticmatchingandaligningpairsandtriplesof sherds.

Work remainingin thisprojectis basicallyto speed-upsome
of the algorithmsby carryingalongandusingextractedgeo-
metric shapeinformationandits covariances,ratherthanus-
ing thesherdraw measurement-dataeachtime two groupsof
sherdsarealignedto form apossiblelargergroupof assembled
sherdstowardconstructinga virtual pot. Thevirtual-potesti-
mationis realizedasa bottom-upmerging of sherdsthrough
minimizationof a costfunction for alignedgroupsof sherds.
This searchalgorithmis also in a stateof re�nement. If the
pot hasa spoutand/orhandles,theassociatedsherdsmustbe
includedin theassembly.

Theframeworkdiscussedin thispaperis for estimatingarbi-
trary a priori unknown axially-symmetricpotmodels.Hence,
it is unsupervisedpot geometry-learningfrom sherddata. If
insteadwe know a priori that the pot sherdspresentarenot
arbitrary but rather that eachbelongsto one of a group of
10 known pot shapes,the problemis computationallymuch
easierbecausethesherdalignmentproblemis thenmoreof a
pot shape-recognitionproblemandlessof a shape-estimation
problem.

As mentionedearlier (§ 2), the framework presentedcan
accommodateadditionalgeometricand patterninformation8

which shouldresultin doingthepot estimationfaster, or with
fewersherds,or estimatingmodelsfor morecomplex objects.
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