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Abstract

Uknownto us, an axially-symmetricsurfaceis brokeninto

disjoint piecesalong a setof break-curvesi.e., the curves
along which the surfacelocally breaksinto two pieces. A

subsebf the piecesare availableand for ead of themwe
obtain noisy 3D measuementsof its surfaceand break-
curves. Using the piece measuementsand knowledg
of which piecesshae a commonbreak-curve we pro-

posea stodastic methodfor automaticallyestimatingthe
unknownaxially-symmetricglobal surface Surfaceand
break-curveestimationis thenan alignmentproblemwhee

we must estimatethe unknownaxially-symmetricsurface
and break-curvesvhile simultaneoushestimatingthe Eu-
clideantransformatiorthat positionsead measued piece
with respectto the a-priori unknownsurface Parameter
estimationis implementedas maximumlikelihood estima-
tion where we seekthe global pot geometrywhich bestex-

plains the measued fragmentdata. This new approad is

robust, fast, and accuate Experimentalresultsare pre-
sentedwhich solvesan application of interest, speci cally
the reconstructionof archaeola@ical pots from subsetsof
their surfacepieces.

1 Problem

We addresshe problemof estimatingan unknawn free-
form axially symmetricsurfacefrom anincompleteset of
its pieces. The piecesindividually describesmall portions
of theunknown surfaceandareconnectedo eachotherby
break-sgments,i.e., locationswherethe pieceswere bro-
ken apart. A surfacereconstructiorprogrammust deter
mine which break-sgmentson individual piecesshouldbe
connectedn orderto estimatethe surface. This is a dif -
cult searchproblemwhosesolutionis givenin [7, 8]. We
assumehat the correspondencbetweenthe piece break-
segmentds alreadyknown andconcentrat®n the problem
of simultaneouslyestimatingthe geometricparameterof
the unknown axially symmetricsurfacewhile aligning the
pieces.

2 Parametersto Estimate

The break-cure parameters, , are points on the surface
wherethe surfacehasbrokeninto two pieces.Theseloca-
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Figurel: A brokenvesselndits parametricdescription.

tionsincludevertices—locationsof Y andT junctions(see
Fig. (1)). Notethatjunctionsdenotepointswhich arehigh-
cunaturepoints on pieceboundaries.Considerthe piece
boundariesin the vicinity of a junction. T-junctionsare
pointswhich are high-cunaturepointson two of thethree
pieceboundariesand Y-junctionsdenotepointswhich are
high-cunature points for all three piece boundaries. We
alsoreferto thesenhigh-cunaturepointson pieceboundaries
asvertices.The pointsthatconstituteour representatiofor
thebreakcurves,referredto asa break-pointsggmentsjs a
sequencef K pointsfor eachcurve startingwith the ver-
tex. The pointsin eachsequenceccurat successie inter-
vals of x edlengthfrom the vertex (seeFig. (2)). These
points along with a surface normal at eachpoint consti-
tute —our parameterizationf the surface-curesfor the
axially-symmetricsurface.Hence preak-poinsggmentv is

pk denotesthe k™ 3D point andny denotesthe k" 3D
normalfor . Thegroupof all break-cure parameterss

= [ v=l oy

The k™ pointin a break-pointsegmentis the location
wherethe break-cureintersecta sphereof radiuskR cen-
1] and
R is the radiusof a spherecenteredat the vertex. When
we measurebreak-pointsggmentdata, noisy estimatesof
thesepointsareextractedstartingwith a hypothesizeder-
tex point (see83). Figure (2) illustratestwo break-point
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Figure2: Break-pointsggments: a piecedata-setjn grey,
andoneof the pieceverticesis shavn asalargeopaquered
sphere.Two setsof break-pointdatawhich we call break-
point sgmentsaregenerateghovn aslight grey andblack
pointsonthebreak-cure. Eachbreak-poinsegmentshovn
has4 orderedelementsstartingwith the vertex and then
listedin orderof increasinglistancerom thevertex. .

segmentsfor avertex whereK = 4,

We have parameterizethe surfaceaxisof symmetryus-
ing the standarcparametricequationof a 3D line asshovn
in (1).

X = myz+ by

y=myz+bh M
Hencel = (b;b,;mx;my) and consistsof the pair
(my; my), specifyingthe slopeof the line whenit is pro-
jectedontothexz-planeandtheyz-plane respectiely, and
the pair (b; by), specifyingwherethe line interceptsthe
xy-planeatz = 0.

Thepro le curve (r;z), with respecto thepieceaxisl
(seeFig. 2), de nes a 3D axially symmetricalgebraic sur-
facewith axis| wherer denotesadius i.e.,theshortestis-
tancebetweera 3D pointandthe axisandz denotesheight
alongthe axis. The surfaceparametersrethe coefcients
of thealgebraicro le curvein (2) andthe axis of symme-
try in (1). Theform of the 2D algebraicpro le curve of
degreed is (2).

(r;z) =

X _
ik rz"=10 (2)
0 j+k d;jk O
Hence = ([k j«) isthevectorof coefcients for the
implicit polynomial curve of degreed. Note that for our
experimentsd = 6.

We assumehat eachpieceundegoesan arbitraryrigid
Euclideantransformationwhich moves the piece to its
measuremenposition. Hence,for the i piecewe must
estimatethe transformation, T ;, which moves the piece
from its measuremenrpositionto its alignedposition. We
parametrizea 3D transformatiorwith 6 parametersonsist-
ing of 2 parts: (1) a 3D translationvectort, and(2) a 3D
rotationR . The 3x3rigid rotationmatrix R is represented
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usingthesocalledaxis-anglgparametersvhichdescribeo-
tationin termsof arotationangle abouta 3D unit vector
ng . Henceour rotationis the 3D vector( ngr) andwere-
fertotheequivalent3x3rotationmatrixasR . The3D trans-
formationparametergareT = (t; ngr) (seeAppendixA
of [4] for additionaldetailson this parameterization)Fur-
ther, we denotetransformation®f piecedatasetasT (D)
for surfacepoint/normaldataandT (B) for breaksegment
point/normaldata. In this notationit is assumedhat T (D)
indicatesthat a singletransformation;T , operaten each
of thepointsandnormalsin D accordingto (3).

Tp = Rp+t

Tn = Rn )

3 Data Generation Model

The surface measurementiata is provided by a Shape-
grabberlaser/cameracannelf1]. It producesl5,0003D
points/sec. at a resolutionand accurag of the order of
0.25mm. The datais divided into two sets: (1) 3D sur
facepointsandnormalmeasurementsgenotedD; for the
i surfacepiece,and(2) 3D break-sgmentpointsandtheir
surfacenormals denotedB, for thevt" break-sgment.
Data for eachbreak-sgmentis extractedaccordingto
a simple parameterizatiorof the unknavn surfacebreak-
curvesadoptedin §2. Hence,break-pointsggmentdatais
simply a specialsequencef K measured3D pointsand
outer surface normals(seethe discussionon break-cure
parametergn §2 andFig. (2) for clari cation).

Assumptions

Surfacemeasurementpoints arei.i.d. N(0; 31)
Theseare independentidentically distributed, spherically
symmetricGaussianperturbationsin 3-spaceabout eath
pointonthetrue surfacewith mean0 andvariance 3. See
[2] for ajusti cation of this model.
Surfacemeasurementnormals arei.i.d. N(0;  31)
Theseare independentjdentically distributed symmetric
Gaussianperturbationson the unit sphee, i.e., in SO(3),
aboutthe true surfacenormal for eadh point on the shed
outersurfacewith mean0 andvariance 3. Thesearein-
dependenandfor thej " piecearedistributedoveraspher
ical capabouta meanthatis normalto thesurfaceasrepre-
sentedby anaxis/pro le-curvefor thej " piece.
Break-segmentmeasurementpoints arei.i.d. N (0; 31)
Theseare independentjdentically distributed spherically
symmetricGaussianperturbationsin 3-spaceabout eath
pointonthetrue break-curvewith mean0 andvariance 3.
Note that more appropriatebut more complicatedmodels
canbeused.

4 Algorithm

Alignmentis doneby addingonepieceat a time, eachad-
dition producinga new con guration. For eachnew con-
guration, all parameterarere-estimatedo minimize the
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joint probabilitydensityfor all the break-pointseggmentand
surfacedataassociateavith the piecesin thecon guration.
However, this is not donein one simultaneousonlinear
minimization,sincethatwould be bothmuchtoo time con-
sumingandwould convergeto alocal maximum.Note, for
anN piececon guration, the numberof parameterso be
estimateds: 6(N 1) Euclideantransformatiorparame-
ters;4 + 4D globalsurfaceparametergor ad" degree
surface(if d = 6 thenthereare29 parameters)anda min-
imum (andlikely mary more)of 3K (N 1) break-point
segmentparametersvhereK is thenumberof break-points
in a sggment. Estimatingan axis/pro le curve for a sur
facedatasetof a few thousandpointsmay requireupto 1
minuteif usingan arbitrary startingpoint. Using a small-
error startingpoint canresultin ordersof magnitudecom-
putationreduction. Estimatinga Euclideantransformation
for aligninga pair of matchedreak-poinsegmentss alin-
earleastsquaresomputatioron the orderof amillisecond.

1. GivenaN piececon gurationdenotedConf igN , we
begin by treatingthe con guration asthougha single
piece. We estimatethe global axis/pro le-curve pa-
rameterdgor Conf igN by solvingthenon-linearequa-
tion (4) (see84.1for details).

0 1

‘P;e:argrr|1_axln@ P Dijl; ;&® A

' D;2Conf igN

Upon convergencewe storethe parametersf the gé)
timatedaxially symmetricsurface (¥, ).

2. We take a new pieceN + 1 and nd the Euclidean
transformatiorthat movesthis piecesothatits break-
point sggmentsalign with the matchedbreak-point
segmentsof Conf igN andits surfacedata ts the3D
glir%cemodelfor ConfigN by maximizing (5) (see

BN+ €= arg max
TN+

In P Dn+1:Bn+1:Bn®€ ;Tnw

®)
Where T n+1 denotesthe Euclideantransformation
for pieceN + 1, Dy+1 denotestransformedsur
facedataof pieceN + 1. By andBy +1 denotethe
matchedbreak-pointdataseggmentsof Conf igN and
thetransformedpieceN + 1 respectiely. denotes
the unknovn parameterof the matchedbreak-point
segments.

3. AddpieceN + 1to ConfigN andgoto step(l)if the
numberof piecesn Conf igN is smallerthanthetotal
numberof availablepieces.

It is possibletojiggle all N piecesabit by re-estimatinghe
transformatiorfor piecel to makeits databettert thecon-
guration de ned by piece2 throughN , thenrepeatwith
piece2, etc.,but theimprovementis small,anddoesnt ap-
pearto benecessary
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4.1 Estimating the Surface

Surfaceshapgarameterareobtainedoy nding theaxially
symmetricalgebraicsurfacewhichbest ts thealigneddata
setsusingthe methodoutlinedin [9]. Thisis a non-linear
minimizationconsistingof two steps:

1. Basedon the value of the objective function after the
precedingiteration, choosea new value for the axis
parameters,.

2. Fixing the axis| = €, we then nd the axially sym-
metric surface  which maximizesthe probability of
the databy tting an axially symetricsurfaceto the
3D datawith axis®. This is equivalentto solving the
weightedinearleast-squarggroblem(6) whichhasan
explicit solutionandincurslittle computationatost.

o jI=9= 2+ Tkn 1 (K

p;n2Conf igN
6

Sincethe surfacemodeldependsiponthe axis, the I’eSl(Jlt)-
ing objectie function is non-linearand is minimized di-
rectly usingsimulatedannealing Note thatthe errormetric

2(p) is theso-calledalgebraiadistancevhich canbeused
asan approximationof the Euclideandistance(for details
seg[5]), andikn r (p)k? is for regularization9].

4.2 Estimating the Transformation

We obtaina coarseestimatefor thepieceN + 1transforma-
tion by aligningthe subsef its correspondindpreakpoint
segmentsto thoseof Conf igN . Givenour noiseassump-
tionsfrom 83, this correspond$o solving (7).

Tn+ = min chN
TN+

This is commonlyreferredto as the absoluteorientation
problemto whichthereexist severalexplicit linearsolutions
[6, 3]. We usethe solutionproposeday [6]. Notethat(7)
includesaterminvolving the surfacenormalsat eachbreak
segmentdatapointwhichalignsthetangenplanesof corre-
spondingpointswhichimprovesthealignmentsigni cantly
whenthe matchedbreak-pointsggmentdatahaslittle cur-
vature.

Using surfaceestimate(®; ) from step(1) of the algo-
rithm, we solve the non-linearalignmentproblem(8) using

T+ (Bnsa )k2 @)

ourroughestimatel 41 ,and = Masan
initial point.
e(Tnsr; )= *(Tnsr (Bysa ¥ KTnss (Buar)  KE+kBey K2

(8)
WhereBy .1 denoteghesubsebdf thepieceN + 1 surface
dataasshavn in Fig. (3b). Theterm 2(T+1 (Bn+1))
is the approximateEuclideandistanceof the transformed
datasetBy +; to the estimatedaxially symmetricsurface
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piece N+1

(roughly aligned)
-~
Config N
(2 pieces)

\

(a) Exampleof algorithmStepl.

\ \

(b) Exampleof algorithmStep2.

piece N+1

(accurately aligned)

~

(c) A 10piecealignment.

Figure 3: SurfaceAlignment: ConfigN consistsof two piecesas shavn in (a). The axially symmetricsurface(e;$)

obtainedrom step(1) of ouralgorithmis shawvn in transparentyanandthepro le e is shovn asablackcurve. PieceN + 1,

in green,is addedto the con guration usingthe roughalignmentgivenby solving (7), the resulting3-piececon gurationis

shavnin (a). We thensolve (8) to obtainanaccuratelignmentfor pieceN + 1 usingits matchedreakpointdatasegments,
By +1 , andasubsebf its surfacepoints,By +1 . By +1 denoteghosesurfacepointsof pieceN + 1 whoseheightalongthe
axis® is within the heightinterval de ned by theCon g N dataset,i.e., the bracletedregionin (b).

for ConfigN. The surface alignmenterror being min-
imized hereis the squareof the algebraicdistance(see
SectionXI of [5] for details where a similar alignment
problemis solved). The break-sgmentalignmenterror is
KT n+1 (Bn+1) kZ + kBen k2 which denoteshe
Euclideandistanceshetweenthe matchedbreakpointson
pieceN + 1 andConfigN andthe true locationsof the
breakpoints . Thesolutionto (8) is computedby direct
non-linearminimizationusingthe well-known Levenbeg-
Marquardtalgorithm.

5 Results

Giventhelarge amountof unknonvn parametergeingesti-
mated,our algorithmsucceedsn nding the global MLE
solutionquickly. The 3 piececon gurationin Fig. (3b) re-
quiredapproximatelyl 0 second$o compute Notethatthis
minimization involves 221 parameterg12 transformation
parameters?9 surfaceparametersand 180 breaksegment
parameters)Fig. (3c) shavs the solutionfor a 13 pieceax-
ially symmetricvesselwhereonly 10 piecesare available
which requiredapproximately45 secondso compute,the
numberof estimatedparameterdereis 893 (54 transfor
mation parameters29 surface parametersand 810 break
sggmentparameters).

6 Conclusions

We have explained and demonstratedh robust and fast
methodfor estimatingan unknovn axially symmetricsur
facefrom measurementsf a subsebf its pieces.As others
have in the past,we decomposéhe probleminto a setof
N 1 pairwisepiecealignments. Our methodis unique
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in thatit solvesthe problemusinga 2 steprecursve algo-
rithm. In stepl, thegeometricconstrainbf axial symmetry
is usedto obtainan estimateof the unknaovn surfacefor a
con guration of alignedpieces.Step2 usesthis surfacees-
timateto obtainaccurateestimate®f thebreakseggmentand
transformatiorparameterfor anew pieceaddedo thecon-

guration. The algorithmis shavn to work and performs
well eventhoughdealingwith a vastnumberof unknovn

parametersThis materialis baseduponwork supportedy

theNationalScienced~oundatiorunderGrantNo. 0205477.
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