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Abstract
Uknownto us,an axially-symmetricsurfaceis broken into
disjoint piecesalong a setof break-curves,i.e., the curves
along which the surfacelocally breaksinto two pieces.A
subsetof thepiecesare availableand for each of themwe
obtain noisy 3D measurementsof its surfaceand break-
curves. Using the piece measurementsand knowledge
of which piecesshare a commonbreak-curve, we pro-
posea stochasticmethodfor automaticallyestimatingthe
unknownaxially-symmetricglobal surface. Surfaceand
break-curveestimationis thenanalignmentproblemwhere
we mustestimatethe unknownaxially-symmetricsurface
and break-curveswhile simultaneouslyestimatingthe Eu-
clideantransformationthat positionseach measuredpiece
with respectto the a-priori unknownsurface. Parameter
estimationis implementedas maximumlikelihoodestima-
tion where weseektheglobal pot geometrywhich bestex-
plains the measured fragmentdata. This new approach is
robust, fast, and accurate. Experimentalresultsare pre-
sentedwhich solvesan applicationof interest,speci�cally
the reconstructionof archaeological pots from subsetsof
their surfacepieces.

1 Problem
We addressthe problemof estimatingan unknown free-
form axially symmetricsurfacefrom an incompletesetof
its pieces.The piecesindividually describesmall portions
of theunknown surfaceandareconnectedto eachotherby
break-segments,i.e., locationswherethe pieceswerebro-
ken apart. A surfacereconstructionprogrammust deter-
minewhich break-segmentson individual piecesshouldbe
connectedin order to estimatethe surface. This is a dif�-
cult searchproblemwhosesolutionis given in [7, 8]. We
assumethat the correspondencebetweenthe piecebreak-
segmentsis alreadyknown andconcentrateon theproblem
of simultaneouslyestimatingthe geometricparametersof
the unknown axially symmetricsurfacewhile aligning the
pieces.

2 Parametersto Estimate
The break-curve parameters,� , are points on the surface
wherethesurfacehasbroken into two pieces.Theseloca-

Figure1: A brokenvesselandits parametricdescription.

tionsincludevertices—locationsof Y andT junctions(see
Fig. (1)). Notethatjunctionsdenotepointswhich arehigh-
curvaturepointson pieceboundaries.Considerthe piece
boundariesin the vicinity of a junction. T-junctionsare
pointswhich arehigh-curvaturepointson two of the three
pieceboundariesandY-junctionsdenotepointswhich are
high-curvaturepoints for all threepieceboundaries. We
alsoreferto thesehigh-curvaturepointsonpieceboundaries
asvertices.Thepointsthatconstituteour representationfor
thebreakcurves,referredto asa break-pointsegments,is a
sequenceof K pointsfor eachcurve startingwith thever-
tex. Thepointsin eachsequenceoccurat successive inter-
vals of �x ed length from the vertex (seeFig. (2)). These
points along with a surfacenormal at eachpoint consti-
tute � —our parameterizationof the surface-curvesfor the
axially-symmetricsurface.Hence,break-pointsegmentv is
written � v = ((p1; p2; : : : pK ) ; (n1; n2; : : : ; nK )) where
pk denotesthe k th 3D point and nk denotesthe k th 3D
normalfor � v . Thegroupof all break-curveparametersis
� = [ v=1 � v .

The kth point in a break-pointsegmentis the location
wherethebreak-curveintersectsasphereof radiuskR cen-
teredat a vertex point wherek = [0; 1; 2; : : : ; K � 1] and
R is the radiusof a spherecenteredat the vertex. When
we measurebreak-pointsegmentdata,noisy estimatesof
thesepointsareextractedstartingwith a hypothesizedver-
tex point (see§3). Figure (2) illustratestwo break-point
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Figure2: Break-pointsegments: a piecedata-set,in grey,
andoneof thepieceverticesis shown asa largeopaquered
sphere.Two setsof break-pointdatawhich we call break-
point segmentsaregeneratedshown aslight grey andblack
pointsonthebreak-curve.Eachbreak-pointsegmentshown
has4 orderedelements,startingwith the vertex and then
listedin orderof increasingdistancefrom thevertex. .

segmentsfor avertex whereK = 4.
We haveparameterizedthesurfaceaxisof symmetryus-

ing thestandardparametricequationof a 3D line asshown
in (1).

x = mx z + bx

y = my z + by
(1)

Hence l = (bx ; by ; mx ; my ) and consistsof the pair
(mx ; my ), specifyingthe slopeof the line whenit is pro-
jectedontothexz-planeandtheyz-plane,respectively, and
the pair (bx ; by ), specifyingwherethe line interceptsthe
xy-planeat z = 0.

Thepro�le curve� (r; z), with respectto thepieceaxisl
(seeFig. 2), de�nes a 3D axially symmetricalgebraic sur-
facewith axisl wherer denotesradius, i.e.,theshortestdis-
tancebetweena 3D point andtheaxisandz denotesheight
alongtheaxis. Thesurfaceparametersarethecoef�cients
of thealgebraicpro�le curve in (2) andtheaxisof symme-
try in (1). The form of the 2D algebraicpro�le curve of
degreed is (2).

� (r; z) =
X

0� j + k � d; j;k � 0

� j k r j zk = 0 (2)

Hence� = ([ j;k � j k ) is the vectorof coef�cients for the
implicit polynomial curve of degreed. Note that for our
experiments,d = 6.

We assumethateachpieceundergoesan arbitraryrigid
Euclidean transformationwhich moves the piece to its
measurementposition. Hence,for the i th piecewe must
estimatethe transformation,T i , which moves the piece
from its measurementpositionto its alignedposition. We
parametrizea3D transformationwith 6 parametersconsist-
ing of 2 parts: (1) a 3D translationvectort , and(2) a 3D
rotationR . The3x3 rigid rotationmatrix R is represented

usingthesocalledaxis-angleparameterswhichdescribero-
tationin termsof a rotationangle abouta 3D unit vector
nR . Henceour rotationis the3D vector( nR ) andwe re-
fer to theequivalent3x3rotationmatrixasR . The3Dtrans-
formationparametersareT = (t ;  nR ) (seeAppendixA
of [4] for additionaldetailson this parameterization).Fur-
ther, we denotetransformationsof piecedatasetsasT (D)
for surfacepoint/normaldataandT (B) for breaksegment
point/normaldata.In this notationit is assumedthatT (D)
indicatesthata singletransformation,T , operateson each
of thepointsandnormalsin D accordingto (3).

Tp = Rp + t
Tn = Rn

(3)

3 Data GenerationModel
The surface measurementdata is provided by a Shape-
grabberlaser/camerascanner[1]. It produces15,0003D
points/sec. at a resolutionand accuracy of the order of
0.25mm. The datais divided into two sets: (1) 3D sur-
facepointsandnormalmeasurements„denotedD i for the
i th surfacepiece,and(2) 3D break-segmentpointsandtheir
surfacenormals,denotedBv for thevth break-segment.

Data for eachbreak-segmentis extractedaccordingto
a simple parameterizationof the unknown surfacebreak-
curvesadoptedin §2. Hence,break-pointsegmentdatais
simply a specialsequenceof K measured3D points and
outer surfacenormals(seethe discussionon break-curve
parametersin §2andFig. (2) for clari�cation).

Assumptions
Surfacemeasurementpoints are i.i.d. N (0; � 2

D I )
Theseare independent,identically distributed,spherically
symmetricGaussianperturbationsin 3-spaceabout each
pointonthetruesurfacewith mean0 andvariance� 2

D . See
[2] for a justi�cation of this model.
Surfacemeasurementnormals are i.i.d. N (0; �� 2

D I )
Theseare independent,identically distributed symmetric
Gaussianperturbationson the unit sphere , i.e., in SO(3),
aboutthe true surfacenormal for each point on the sherd
outersurfacewith mean0 andvariance�� 2

D . Thesearein-
dependentandfor thej th piecearedistributedoveraspher-
ical capaboutameanthatis normalto thesurfaceasrepre-
sentedby anaxis/pro�le-curvefor thej th piece.
Break-segmentmeasurementpoints are i.i.d. N (0; � 2

B I )
Theseare independent,identically distributed spherically
symmetricGaussianperturbationsin 3-spaceabout each
pointonthetruebreak-curve, with mean0 andvariance� 2

B .
Note that more appropriatebut more complicatedmodels
canbeused.

4 Algorithm
Alignment is doneby addingonepieceat a time, eachad-
dition producinga new con�guration. For eachnew con-
�guration, all parametersarere-estimatedto minimize the
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joint probabilitydensityfor all thebreak-pointsegmentand
surfacedataassociatedwith thepiecesin thecon�guration.
However, this is not done in one simultaneousnonlinear
minimization,sincethatwould bebothmuchtoo time con-
sumingandwould convergeto a local maximum.Note,for
an N piececon�guration, the numberof parametersto be
estimatedis : 6(N � 1) Euclideantransformationparame-
ters;4 + d(d+1)

2 globalsurfaceparametersfor a dth degree
surface(if d = 6 thenthereare29 parameters);anda min-
imum (andlikely many more)of 3K (N � 1) break-point
segmentparameterswhereK is thenumberof break-points
in a segment. Estimatingan axis/pro�le curve for a sur-
facedatasetof a few thousandpointsmayrequireup to 1
minuteif usingan arbitrarystartingpoint. Using a small-
errorstartingpoint canresultin ordersof magnitudecom-
putationreduction.Estimatinga Euclideantransformation
for aligningapairof matchedbreak-pointsegmentsis alin-
earleastsquarescomputationon theorderof amillisecond.

1. GivenaN piececon�gurationdenotedConf igN , we
begin by treatingthecon�guration asthougha single
piece. We estimatethe global axis/pro�le-curve pa-
rametersfor Conf igN bysolvingthenon-linearequa-
tion (4) (see§4.1for details).

el; e� = argmax
l ;�

ln

0

@
Y

D i 2 C onf ig N

P
�

D i jl ; � ; e� ; eT i

�
1

A

(4)
Uponconvergence,we storetheparametersof thees-
timatedaxially symmetricsurface,(el ; e� ).

2. We take a new pieceN + 1 and �nd the Euclidean
transformationthatmovesthis piecesothat its break-
point segmentsalign with the matchedbreak-point
segmentsof Conf igN andits surfacedata�ts the3D
surfacemodel for Conf igN by maximizing(5) (see
§4.2).

eT N +1 ; e� = arg max
T N +1 ; �

ln
�

P
�

DN +1 ; BN +1 ; BcN jel ; e� ; � ; T N +1

��

(5)

Where T N +1 denotesthe Euclideantransformation
for piece N + 1 , DN +1 denotestransformedsur-
facedataof pieceN + 1. BcN andBN +1 denotethe
matchedbreak-pointdatasegmentsof Conf igN and
the transformedpieceN + 1 respectively. � denotes
the unknown parametersof the matchedbreak-point
segments.

3. Add pieceN + 1 to Conf igN andgoto step(1) if the
numberof piecesin Conf igN is smallerthanthetotal
numberof availablepieces.

It is possibleto jiggle all N piecesabit by re-estimatingthe
transformationfor piece1 to makeits databetter�t thecon-
�guration de�ned by piece2 throughN , thenrepeatwith
piece2, etc.,but theimprovementis small,anddoesn't ap-
pearto benecessary.

4.1 Estimating the Surface

Surfaceshapeparametersareobtainedby �nding theaxially
symmetricalgebraicsurfacewhichbest�ts thealigneddata
setsusingthemethodoutlinedin [9]. This is a non-linear
minimizationconsistingof two steps:

1. Basedon the valueof the objective function after the
precedingiteration, choosea new value for the axis
parameters,el.

2. Fixing the axis l = el, we then �nd the axially sym-
metric surface� which maximizesthe probability of
the databy �tting an axially symetricsurfaceto the
3D datawith axisel . This is equivalentto solving the
weightedlinearleast-squaresproblem(6) whichhasan
explicit solutionandincurslittle computationalcost.

e(� jl = el) =
X

p ;n 2 C onf ig N

�
� 2(p) +

1
�

kn � r � (p)k2
�

(6)
Sincethesurfacemodeldependsupontheaxis, the result-
ing objective function is non-linearand is minimized di-
rectlyusingsimulatedannealing.Notethattheerrormetric
� 2(p) is theso-calledalgebraicdistancewhichcanbeused
asan approximationof the Euclideandistance(for details
see[5]), and 1

� kn � r � (p)k2 is for regularization[9].

4.2 Estimating the Transformation

Weobtainacoarseestimatefor thepieceN + 1 transforma-
tion by aligningthesubsetof its correspondingbreakpoint
segmentsto thoseof Conf igN . Givenour noiseassump-
tionsfrom §3, thiscorrespondsto solving(7).

�T N +1 = min
T N +1

kBcN � T N +1 (BN +1 )k2 (7)

This is commonly referredto as the absoluteorientation
problemto whichthereexist severalexplicit linearsolutions
[6, 3]. We usethesolutionproposedby [6]. Note that (7)
includesa terminvolving thesurfacenormalsateachbreak
segmentdatapointwhichalignsthetangentplanesof corre-
spondingpointswhichimprovesthealignmentsigni�cantly
whenthe matchedbreak-pointsegmentdatahaslittle cur-
vature.

Using surfaceestimate(el; e� ) from step(1) of the algo-
rithm, we solve thenon-linearalignmentproblem(8) using
ourroughestimate�T N +1 , and�� =

�T N +1 (BN +1 )+ BcN

2 asan
initial point.

e(T N +1 ; � ) = � 2 (T N +1 ( eDN +1 ))+ kT N +1 (BN +1 )� � k2+ kBcN � � k2

(8)

Where eDN +1 denotesthesubsetof thepieceN + 1 surface
dataasshown in Fig. (3b). The term � 2(T N +1 ( eDN +1 ))
is the approximateEuclideandistanceof the transformed
dataset eDN +1 to the estimatedaxially symmetricsurface
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(a)Exampleof algorithmStep1. (b) Exampleof algorithmStep2. (c) A 10piecealignment.

Figure3: SurfaceAlignment : Conf igN consistsof two piecesas shown in (a). The axially symmetricsurface( e� ;el)
obtainedfrom step(1) of ouralgorithmis shown in transparentcyanandthepro�le e� is shown asablackcurve. PieceN + 1,
in green,is addedto thecon�gurationusingtheroughalignmentgivenby solving(7), theresulting3-piececon�guration is
shown in (a). Wethensolve(8) to obtainanaccuratealignmentfor pieceN + 1 usingits matchedbreakpointdatasegments,
BN +1 , anda subsetof its surfacepoints, eDN +1 . eDN +1 denotesthosesurfacepointsof pieceN + 1 whoseheightalongthe
axisel is within theheightinterval de�ned by theCon�g N dataset,i.e., thebracketedregion in (b).

for Conf igN . The surface alignmenterror being min-
imized here is the squareof the algebraicdistance(see
SectionXI of [5] for details where a similar alignment
problemis solved). The break-segmentalignmenterror is
kT N +1 (BN +1 ) � � k2 + kBcN � � k2 which denotesthe
Euclideandistancesbetweenthe matchedbreakpointson
pieceN + 1 andConf igN and the true locationsof the
breakpoints� . The solutionto (8) is computedby direct
non-linearminimizationusingthe well-known Levenberg-
Marquardtalgorithm.

5 Results
Giventhe largeamountof unknown parametersbeingesti-
mated,our algorithmsucceedsin �nding the global MLE
solutionquickly. The3 piececon�guration in Fig. (3b) re-
quiredapproximately10secondsto compute.Notethatthis
minimization involves221 parameters(12 transformation
parameters,29 surfaceparameters,and180breaksegment
parameters).Fig. (3c) shows thesolutionfor a 13pieceax-
ially symmetricvesselwhereonly 10 piecesareavailable
which requiredapproximately45 secondsto compute,the
numberof estimatedparametershereis 893 (54 transfor-
mation parameters,29 surfaceparameters,and810 break
segmentparameters).

6 Conclusions
We have explained and demonstrateda robust and fast
methodfor estimatingan unknown axially symmetricsur-
facefrom measurementsof asubsetof its pieces.As others
have in the past,we decomposethe probleminto a setof
N � 1 pairwisepiecealignments. Our methodis unique

in that it solvesthe problemusinga 2 steprecursive algo-
rithm. In step1, thegeometricconstraintof axialsymmetry
is usedto obtainan estimateof the unknown surfacefor a
con�gurationof alignedpieces.Step2 usesthis surfacees-
timateto obtainaccurateestimatesof thebreaksegmentand
transformationparametersfor anew pieceaddedto thecon-
�guration. The algorithmis shown to work andperforms
well even thoughdealingwith a vastnumberof unknown
parameters.This materialis baseduponwork supportedby
theNationalScienceFoundationunderGrantNo. 0205477.
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