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Abstract
This paper introducesa new stochasticsurfacemodelfor
deformable3D surfacesanddemonstratesits utility for the
purposeof 3D sculpting. This is theproblemof simple-to-
useandintuitively interactive3D free-formmodelbuilding.
A 3D surfaceis a sampleof a Markov RandomField (MRF)
de�ned on theverticesof a 3D meshwhere MRF sitesco-
incide with meshverticesand the MRF cliquesconsistof
subsetsof sites. Each site has 3D coordinates(x,y,z) as
randomvariablesand is a memberof oneor more clique
potentialswhich are functionsof the verticesin a clique
and describestochasticdependenciesamongsites. Data,
which is usedto deformthe surfacecan consistof, but is
not limited to, an unorganizedsetof 3D pointsandis mod-
eledby a conditionalprobability distribution giventhe3D
surface. A deformedsurfaceis a MAP(MaximumA posteri-
ori Probability)estimateof thejoint distributionof theMRF
surfacemodeland the data. Thegenerality andsimplicity
of the MRF modelprovidesthe ability to incorporate un-
limited local and global deformationproperties. Included
in our developmentis theintroductionof new datamodels,
newanisotropiccliquepotentials,andcliqueswhich involve
sitesthatarespatiallyfar apart. Otherapplicationsof these
modelsare possible, e.g., stereoreconstruction.

1 Intr oduction
We de�ne our shapemodel on an initial 3D meshwhich
consistsof vertices,which arepointslying on the original
shape,andedges– connectionsbetweenvertices.We then
assigna MRF site to eachvertex andde�ne cliqueswhich
consistof oneor moreMRF sites. The MRF is speci�ed
as a Gibbs distribution characterizedby cliques (subsets
of sites)andclique potentials(clique energies),and these
cliquesandcliqueenergiescanbe anisotropic,i.e., canbe
differentin differentdirectionsandcanbeinhomogeneous,
i.e., canvary over thesurface. In thecaseof time varying
models,the systemstatecan in theoryconsistof the sur-
faceverticesat a successionof two or more instants(i.e.,
cycles). It is this fully 3D stochasticmodel for the rep-
resentationand modi�cation of surfacesand its ability to
incorporateunlimitedlocal andglobaldeformationproper-
ties(eitherphysicallyrealizableor physicallyunrealizable)
thatis completelynew, tremendouslypowerful andcompu-
tationallyfast(realtimeonaPC).

2 Mathematical Models
2.1 SurfaceModel
Weassumethataninitial shapeprovidedis a triangularsur-
facemeshwith N vertices.Associatedwith vertex p i is a

C1 = f 8g
C2 = f (8; 1); (8; 2)(8; 3)g
C3 = f (2; 8; 1); (2; 8; 3)g

Figure1: An examplecliquestructureand3 cliques.

sitei . Hence,theMRF sitesarelabelled1; 2; : : : ; N where
thei th sitehasrandomvariablesp i = (x i ; yi ; zi ). Thevec-
tor P � f p1; p2; : : : ; pN g denotesall site variables. We
denotetheinitial surfaceasthesetof verticesat time t = 0
andindicatethetimewith asuperscript,e.g.,P 0 denotesthe
verticesof the initial surfaceandP t � f p t

0; p t
1; : : : ; p t

N g
denotesthesurfaceverticesat time t.

A cliqueis a subsetof indicesinto thesetof MRF sites,
e.g.,f 1; 5; 3g, andhasan associatedcliquepotentialfunc-
tion de�ned on thecliquesitevariablesV3(p1; p5; p3). P c

denotesthe setof site variables,i.e., vertices,in clique c.
For our example,P c = f p1; p5; p3g. Cliquesandtheir as-
sociatedpotentialfunctionsaredistinguishedby thecardi-
nality of thesetthey de�ne, i.e.,single-vertex cliques,two-
vertex cliques,three-vertex cliques,etc. We denotethesets
of suchcliquesandcliquepotentialsasC1; C2; C3; : : :, and
V1; V2; V3; : : :, respectively, andC =

S
i Ci . For thesimple

meshwith indicesshown in Figure(1), an examplesetof
cliquestructuresfor sitei = 8 andits neighborsareshown
to illustratethecorrespondenceof cliquede�nitions to their
associatedmeshvertices.

Cliques and clique potentials determine the forces
amongMRF sitevariables,i.e., thesurfacematerialbehav-
ior. The total energy of the MRF is describedin termsof
thesumof thede�nedcliquepotentialsoverall cliques(see
§2.1.1).

U(PjP 0) =
X

c2C

Vc(P c jP0) (1)

In general,potentialfunctionsaretailoredto applications.
The surface probability distribution is modeledas a

GibbsDistribution which is a representationfor an MRF.
TheGibbspdf pS (P j� ) is speci�edas(2) (see§2.1.1).

pS (P j� ; P 0) =
1
Z

exp
�

� U(Pj� ; P 0)
	

(2)

2.1.1 SurfaceModel Example
A very simple surface model has the following cliques
containing the i th site: C1 = f ig and C2 =
f (i; j 1); (i; j 2); (i; j 3); : : :g where j k denotesthe label of
a site in a clique with site i , and the j k sites are mesh
neighborsof site i , i.e. are connectedby a meshedge.
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ThesitecliquepotentialsareV1(p i ) = � 1kp i � p0
i k2 and

V2(p i ; p j ) = � 2kp i � p0
i � p j + p0

j k2. Heretheparame-
tersarethesamefor all sites.ThepotentialV1 is thesquared
distancefrom thedeformedvertex p i to theinitial vertex p0

i
andis a functionof this localdeformationfrom thesurface.
V2 is thesquareddistancebetweenthesurfacedeformations
at sitesi andj andis a functionof therelative positionsof
verticesat sitesi and j beforeandafter the deformation.
� 1 and � 2 are weightingcoef�cients controlling the con-
tributionsof V1 andV2 to the total MRF energy. We de-
note the vector of clique potentialcoef�cients as � , here
� = (� 1; � 2).

2.2 Data Model
Thedatais modeledby (3).

pD jS (D jP; � ) (3)
This is aprobabilitydensityfunctionfor theinputdatavec-
tor D given the surfaceshapeP andparameters� . Here,
the componentsof D � f d1; d2; : : : ; dM g are the data
pointsand� is a vectorof parametershaving valuesspeci-
�ed by theuser.

2.2.1 Data Model Example
Therearea numberof datadistribution modelsthat come
to mind asappropriate.Ideally, the datashouldlie on the
surfacewe wish to represent.However, becauseof noise
in the datagenerationprocess,eachdatapoint is a noisy
perturbationof a point on thedesiredsurface:but a pertur-
bationof whichsurfacepoint?Oneapproachweandothers
have taken [2] is to assumean a-priori distribution for N

0

pointson thesurfacefrom which thedatapoint couldhave
occurred.If theperturbationdistribution is isotropicGaus-
sianhaving 3x3covariancematrix � 2I , thentheconditional
pdf of data-pointdm giventhesurfaceS is equation(4).

p(dm jP) =
1

N 0

X

i 2 N 0

1

(2� )
3
2 j� 2I j

1
2

exp(�
1

2� 2 kdm � p i k2 )

(4)
Notethatp(dm jP) is thenamixtureof N

0
Gaussians,but it

is only theGaussianslocatedattheverticesthatareneardm

that contributesigni�cantly to this conditionalprobability.
If it is assumedthat theM datapointsaregeneratedasin-
dependentrandomvectors,thentheconditionalprobability
p(D jP) is the productof the conditionalprobabilitiesfor
the individual datapoints,hence,a productof mixturesof
Gaussians.Note, thepdf for datapoint d i is characterized
by thetwo parametersN

0
and� 2 which control theweight

to beassociatedwith apointandtheextentof theregionon
thesurfacethatis attractedby thedatapoint. Hence,in our

generalframework from §2.2,� =
�

N
0
; � 2

�
.

2.3 Deformation
Surfacedeformationsoccur by moving the meshvertices
P0 to a modi�ed vertex vectorP 1 whereP 1 is:

(a) (b) (c)
Figure2: Surfaceinterpolations(see§2.3for explanation).

P1 = argmax
P

ln
�
pS (P j� ; P 0)pD jS (D jP; � )

�
(5)

Note,pS (P j� ; P 0)pD jS (D jP; � ) is thejoint pdf of D and
P andwe denoteit

pD ;S (D ; P j� ; P 0; � ) (6)
P1, the P that maximizes(6), is the so call MAP (maxi-
muma posterioriprobability)estimateof P giventhedata
D . Figure(2a)shows a surfacemeshobtainedfrom a laser
scanner. Themeshstructureis irregularandcontainslarge
holesandtears. Figures(2b) and(2c) show our low reso-
lution and�ne resolutionMRF meshinterpolationswhere
themeshverticesfrom Fig. (2a)aredataanda planeis the
initial MRF shape,P 0. The meshesproduceddo not have
holesandaremoreregular. Our interpolationusesthesur-
facemodelfrom §2.1.1andthedatamodelfrom §2.2.1.

2.3.1 Optimization and an Example

The joint pdf (6) hasan energy (1) de�ned for all possible
positionsof the meshvertices,i.e. valueswhich the site
(x; y; z) randomvariablesmay assume.Optimizationcor-
respondsto maximizingthe joint pdf (6) by applyingany
standardnon-linearmaximizationmethodsuchasgradient
ascent.

For optimization,we computethegradientof (5) which
is fg(P) = 5 P ln(pS (P j� ; P 0)) + 5 P ln(pD jS (D jP; � ))
where5 P indicatesthatwearedifferentiatingwith respect
to thevectorof site variablesP. Hence,theclique poten-
tialsanddatapdf combineto generatea motionvector�eld
for the MRF sites, fg; this may be interpretedas a gen-
eralized force. fg is the resultantof two distinct forces:
(1) 5 P ln(pS (P j� ; P 0)) is the force betweenMRF sites,
which modelsthe intrinsic surfacebehavior (e.g., �e xibil-
ity); (2) 5 P ln(pD jS (D jP; � )) is theforceextertedon the
MRF sitesby thedata.Hence,thecliquesandtheir associ-
atedcliquepotentialsexert virtual force �elds on theMRF
sites.

3 Time Varying SurfaceBehaviors
In §2 the time index for surfacescould assumeonly two
valuest = (0; 1), herewe simply allow the index t to vary
t 2 [0; 1 ) for thesite randomvariables,P t , thepotential
weightingcoef�cients, � t , andthedata,D t . In thiscase,(7)
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denotesatime-varyingpdf for 3D surfaces,or, alternatively,
canbethoughtof asapdf having indexing parameters(i; t)
for sitelocationandtime.

pS (P j� t ; P t ) =
1
Z

exp
�

� U(Pj� t ; P t 	 (7)

3.1 Elasticity & Plasticity
Assumethat the surfaceverticesfrom the previous time
step,P t � 1, remain�x edat the initial surfacei.e., P t � 1 =
P0 8 t. If the clique potentialsfor the i th MRF site are
all convex quadraticfunctionssymmetricaboutp i; 0, then
pS (P j� t � 1; P t � 1) de�nes a Gaussiandistribution on the
MRF sitesN � (P 0; �) where� dependson theweight-
ing coef�cients � t . The maximumis locatedat the mean,
hence,argmaxP pS (P j� t ; P t � 1) = P 0. Note that the
cliquepotentialsfrom §2.1.1areaspecialcaseof thismodel
where� t = f � 0

1; � 0
2g 8 t. In this case,thesurfacewill re-

turnto its originalvertex positionsin theabsenceof external
forcesfrom data.Thisbehavior for theMRF is analogousto
that of an elasticsurfacedeformationfor physically-based
models.

UsingthesameGaussianMRF sitedistributionswecon-
sidera new datasetfrom time t. We optimize(8) to obtain
thedeformedMAP surfaceP t .

P t = argmax
P

ln
�
pS (P j� t � 1; P t � 1)pD jS (D t jP ; � )

�

(8)
To make the deformationplastic, we updatethe meanof
the MRF site distributionsat the endof the time stepi.e.,
N � (P t ; �) , andremove thedatasetD t . Now our MLE
surfacein the absenceof datais the deformedsurfaceP t .
This behavior for theMRF is analogousto thatof a plastic
deformationfor physically-basedmodels.

4 Example : 3D Sculpting
Interactive sculptingof free-form 3D shapeshasbeenan
activeareaof researchin thecomputergraphicscommunity
for quitesometime. Existingsystemsprovideexamplesof
many differentsurfacerepresentationsandwork continues
to developtheirutility for intuitivesculpting[3, 1, 6, 7]. We
presenthereour interactive sculptingsystemand explain
how the surfacemodel is representedto a virtual sculptor
andprovidesa heretoforeunexploredanalogyto facilitate
controlledsurfacedeformation.

Our basicsculptingsystemusesthreecliquestructures:
C1 = f ig, C2 = f (i; j 1); (i; j 2); : : : ; (i; j K )g andCK +1 =
f (i; j 1; j 2; : : : ; j K )g wherej k denotesameshneighbor(see
§2.1.1for clari�cation) andK denotesthenumberof sites
thataremeshneighborsof site i . Thecliquepotentialsand
theirassociatedcliquesareprovidedin Table(1).

Eachof the cliquesandassociatedclique potentialsin
Table(1) is assigneda descriptive phrasesymbolizinghow
the clique potential in�uences interpolationsof sculpted

Description c Vc(P c)

MeanField 1 kp i � p t � 1
i k2

Mean
Smoothing

2 kp i � p t � 1
i � p j k + p t � 1

j k
k2

Edge
Preserving

2 kp i � p j k k � kp t � 1
i � p t � 1

j k
k

Surface
Flattening�

K + 1 k� �!v k2

Curvature
Preserving�

K + 1 (� �!v ?
� 1

K � K
k =1 � �!v ?

(j k )) 2

Symmetry
(seeFig. 4a)

2
kp i � npk2 � kAp j � np k2+
kp i � npk2 � kAp j � np k2

Table1: SculptingCliquePotentials.
� For potentialsinvolving curvature,i.e., � , we have appliedthe method

from [5] to obtainprinciplecurvaturesandprincipledirections:( �!� 1 ; �!� 2).

In general,the notation� �!v denotesthe curvaturein the directionof the

vector�!v .

datasets. For example,the MeanField descriptionis as-
signedthecliquepotentialkp i � p t � 1

i k2 whichincreasesasa
quadraticfunctionof thedisplacementof thevertex. Hence,
thispotentialencouragespointsto remainattheiroriginalor
meanposition,i.e., p t � 1

i for the i th vertex. Hence,we can
think of eachclique and its associatedclique potentialas
specifyinga speci�c typeof force �eld for the MRF sites
which is identi�ed by our descriptivephrase.For example,
we canrefer to themeanforce �eld asthoseforceswhich
move verticesfrom their current(x; y; z) position to their
original (x; y; z) position.

The relative strengthof eachforce �eld typecausesthe
surfaceto interpolatethe sculpteddatadifferently. Hence,
usingthis force-�eld analogy, thesculptorcanmodify force
�eld strengths,i.e.,cliquepotentialfunctioncoef�cients, to
intuitively control thesurface. Theusercontrolsthe6 po-
tential function coef�cients, � = (� 1; � 2; � 3; � 4; � 5; � 6),
for eachof the rows from Table(1) which, combinedwith
the 2 datamodelparameters� =

�
N

0
; � 2

�
from §2.2.1,

makes8 user-controlledparametersin total. Their geomet-
ric meaningsaregivenin §4.1.

Thesketcheddatais providedat differenttime instances
andis consequentlyasituationwherethetimevaryingMRF
modelsof §3areappropriate.Thesculptoris empoweredto
deformtheshapevia asinglecustombuilt devicewhichcan
interactively (add/remove)data,control thedataandmate-
rial parameters,andde�ne primitivecliques.Thesculpting
processis thendescribedin termsof cycles. At thebegin-
ningof eachcycle thesculptormaydoany of thefollowing
functions:

� Introducea dataset,D t , to thesystemfor surfacede-
formationwith varyingdatatypes:
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(a) (b) (c) (d)
Figure3: Figures(a-d) show the reconstructionof a nose
ona damagedarchaeologicalsculpturediscoveredin Petra,
Jordan.(a) an imageof thearchetypenoseusedfor recon-
struction(b) aninterpolationof thedamagedmaskdata(c)
interactivemodi�cation for rebuilding themissingnoseus-
ing anisotropiccliquepotentialsandonly a few datapoints
shown in blue(d) thereconstructedmask.

– 3D spacecurves, i.e., 3D points obtainedfrom
3D tracker integratedinto a sculptingpen,

– Directional featureenhancements,i.e., indicate
areasto applyanisotropicdiffusion,

– A cloudof 3D datapointsfrom a template.

� Make thecurrentdeformationplastic(see§3.1).
� Removepreviousdatasets.
� Changedeformationparametersof thesystem.
� Changethecliquestructureof thesystem.
� Remeshregionsof thesurfaceusingthemethodin [4].

At the endof the cycle we computea solutionto theopti-
mizationproblem(5) asdescribedin §2.3.1.Thesystemis
implementedin Java, andperformsin real time for defor-
mationsinvolving in excessof 5000vertices.

4.1 Sculpting Potentials
For eachof thepotentialslisted in Table(1) thetime index
t � 1 refersto thetime of thelastplasticdeformationspec-
i�ed by the user, see§3.1. The following list providesa
geometricinterpretationof thepotentialslistedin Table(1)
(see§4 for MeanField).

MeanSmoothingStrengtheningthis force will encourage
neighboringMRF sites to have similar dis-
placementsfrom their original positionwhich
makes the surface smoothly interpolate the
data.

EdgePreservingStrengtheningthis force will encourage
the meshedgesto remain�x ed which makes
thesurfacematerialrigid.

SurfaceFlattening Strengtheningthis forceencouragesthe
surfaceregion to be linear in the directionof
�!v .

CurvaturePreservingStrengtheningthis forceencourages
the surfaceregion to preserve curvature, i.e.,
mesh neighborsare encouragedto have the
samecurvaturein thedirectionof �!v? .

(a) (b) (c)
Figure 4: SymmetryCliques: Spatially distantsitesare
associatedby their height and (x; y) positionsrelative to
a user-de�ned planeas shown in (a). In (b), we usethe
symmetrycliquepotentialfrom Table(1) settingA = I to
createanoriginalsculptingof aheadfrom aninitial capsule
shape.In (c), we canchangethesymmetrycliquepotential
to benon-isometricscaling: diag(A ) = (1:25; 1:25; 1).

Symmetry Strengtheningthisforceencouragesthesurface
to be symmetricabouta prede�ned planeas
shown in Fig. (4).

5 Conclusions
We have presenteda novel deformablesurfacemodeland
demonstrateda sculptingsystemwhich intuitively usesthis
modelandinterpretedit assculptingvia virtual force-�elds.
Simplecliqueforcesprovidegoodsurfaceinterpolationsas
shown in Fig. (2) andmorecomplex forcesallow for eas-
ier sculptingof useful features as shown in Figs. (3) and
(4). The power availabledueto the generality, versatility,
andcomputationalsimplicity of themodelmakesit perfect
for building arbitraryfree-formshapeswheretheuserpro-
videsdatato thecomputerwhichis interpolatedby theMRF
model at an interactive rate. This material is basedupon
work supportedby theNationalScienceFoundationGrant
No. 0205477.
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