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Abstract

This paperintroducesa new stodastic surfacemodelfor

deformable3D surfacesand demonstatesits utility for the
purposeof 3D sculpting Thisis the problemof simple-to-
useandintuitively interactive3D free-formmodelbuilding.

A 3D surfaceis a sampleof a Markov Randontield (MRF)

de ned on the verticesof a 3D meshwhere MRF sitesco-
incide with meshverticesand the MRF cliques consistof

subsetsf sites. Each site has 3D coodinates(x,y,z) as
randomvariablesand is a memberof one or mote clique
potentialswhich are functionsof the verticesin a clique
and describestotastic dependencieamongsites. Data,

which is usedto deformthe surfacecan consistof, but is

notlimited to, an unomanizedsetof 3D pointsandis mod-
eledby a conditionalprobability distribution giventhe 3D

surface A deformedsurfaceis a MAP (MaximumA posteri-
ori Probability) estimateof thejoint distribution oftheMRF

surfacemodeland the data. Thegeneality and simplicity
of the MRF modelprovidesthe ability to incorporate un-

limited local and global deformationproperties. Included
in our developments theintroductionof new datamodels,
new anisotiopiccliquepotentialsandcliqueswhich involve
sitesthatare spatiallyfar apart. Otherapplicationsofthese
modelsare possible e.g., steleoreconstruction.

1 Intr oduction

We de ne our shapemodelon an initial 3D meshwhich
consistsof vertices,which are pointslying on the original
shapeandedges- connectiondetweervertices. We then
assigna MRF site to eachvertex andde ne cliqueswhich
consistof one or more MRF sites. The MRF is speci ed
as a Gibbs distribution characterizedy cliques (subsets
of sites)and clique potentials(clique enegies),andthese
cliguesandclique enegiescanbe anisotropic,i.e., canbe

differentin differentdirectionsandcanbeinhomogeneous,

i.e., canvary over the surface. In the caseof time varying
models,the systemstatecanin theory consistof the sur
faceverticesat a successiorof two or moreinstants(i.e.,
cycles). It is this fully 3D stochasticmodel for the rep-
resentatiorand modi cation of surfacesandits ability to
incorporateunlimitedlocal andglobal deformationproper
ties(eitherphysicallyrealizableor physicallyunrealizable)
thatis completelynew, tremendouslypowerful andcompu-
tationallyfast(realtime onaPC).

2 Mathematical Models

2.1 SurfaceModel
We assumehataninitial shapeprovidedis atriangularsur

facemeshwith N vertices. Associatedwith vertex p; is a
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Figurel: An examplecliquestructureand3 cliques.
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sitei. Hencethe MRF sitesarelabelledl; 2;:::; N where
theih site hasrandormariablesp. = (x. Vi z.) Thevec-
tor P
denotethelnltlal surfaceasthe setof vertlcesattlmet =0
andindicatethetime with asuperscripte.g.,P ° denoteshe
verticesof theinitial surfaceandP'  fph;pi;:::;ph g
denoteghesurfaceverticesattimet.

A cligueis asubsebf indicesinto the setof MRF sites,
e.g.,f1;5; 3g, andhasan associatedlique potentialfunc-
tion de ned onthecliquesitevariablesVs(p1; ps; p3)- Pc
denoteghe setof site variables,i.e., vertices,in clique c.
For ourexample,P. = fp1;ps; p3g. Cliqguesandtheiras-
sociatedpotentialfunctionsaredistinguishedoy the cardi-
nality of the setthey de ne, i.e., single-\ertex cliques,two-
vertex cliques,three-ertex cliques,etc. We denotethe sets
of suchcliqguesandclique potentialsgscl; G G;::;, and
Vi; Vo; Vs, i, respectiely, andC = ; C;. Forthesimple
meshwith indicesshovn in Figure (1), an examplesetof
cligue structuredor sitei = 8 andits neighborsareshawn
toillustratethecorrespondencef cliquede nitions to their
associatedneshvertices.

Cliques and clique potentials determine the forces
amongMRF sitevariablesj.e., the surfacematerialbeha-
ior. The total enegy of the MRF is describedn termsof
thesumof the de ned clique potentialsoverall cliques(see
§2.1.1).

X
U(PjP?) =
. . CZC . . .
In generalpotentialfunctionsaretailoredto applications.
The surface probability distribution is modeledas a
Gibbs Distribution which is a representatiorior an MRF.
TheGibbspdfps (Pj ) is speci edas(2) (see§2.1.1).

Ve(PjP?) (1)

ps(Pi PO = Zexp UPRS P ()
2.1.1 SurfaceModel Example

A very simple surface model has the following cliques
containing the i™ site: G = fig and & =
f(i;j1);(i;j2); (i; j3); : - :g wherejk denotesthe label of
a site in a clique with site i, andthe jx sitesare mesh
neighborsof site i, i.e. are connectedby a meshedge.
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Thesiteclique potentialsareVi (pi) = 1kpi  p°k? and
Va(pi;pj) = 2kpi  p?  pj + pjokz- Herethe parame-
tersarethesamefor all sites.ThepotentialVv; isthesquared
distancdrom thedeformedvertex p; to theinitial vertex p?
andis afunctionof this local deformationfrom the surface.
V; isthesquaredlistancebetweerthesurfacedeformations
atsitesi andj andis afunction of therelative positionsof
verticesat sitesi andj beforeand after the deformation.
1 and , areweighting coefcients controlling the con-
tributions of V; andV; to the total MRF enegy. We de-

note the vector of clique potentialcoefcients as , here
=( 15 2).
2.2 DataModel
Thedatais modeledby (3).
Pojs (DjP; ) 3)

Thisis a probabilitydensityfunctionfor theinput datavec-
tor D giventhe surfaceshapeP andparameters . Here,
the componentof D
pointsand is avectorof parameterdaving valuesspeci-
ed by theuser

2.2.1 Data Model Example

Thereare a numberof datadistribution modelsthat come
to mind asappropriate.ldeally, the datashouldlie on the
surfacewe wish to represent.However, becausef noise
in the datagenerationprocess,eachdatapoint is a noisy
perturbatiorof a point on the desiredsurface:but a pertur
bationof which surfacepoint? Oneapproactwe andothers
have taken [2] is to assumean a-priori distribution for N ’
pointson the surfacefrom which the datapoint could have
occurred.If the perturbatiordistribution is isotropicGaus-
sianhaving 3x3 covariancematrix 1, thentheconditional
pdf of data-poind,, giventhesurfacesS is equation(4).

pik?)

4
Notethatp(dm, jP) is thenamixtureof N ° Gaussiansbu(t i'z
is only theGaussiantocatedattheverticeshatareneard p,
that contribute signi cantly to this conditionalprobability.
If it is assumedhatthe M datapointsaregeneratedsin-
dependentandomvectors thenthe conditionalprobability
p(DjP) is the productof the conditional probabilitiesfor
theindividual datapoints, hence,a productof mixturesof
GaussiansNote, the pdf for datapointd; is characterized
by thetwo parameter$l “and 2 which controltheweight
to beassociatedvith a pointandtheextentof theregionon

thesurfacethatis attractedby the datapoint. Hence,in our

generaframewnork from §2.2, = N 2.

1
- exp( ﬁkdm

P(AmiP) = 5 5351
TONT e@)3 2

2.3 Deformation
Surfacedeformationsoccur by moving the meshvertices
P° to amodi ed vertex vectorP ! whereP? is:
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Figure2: Surfaceinterpolationgseeg§2.3for explanation).

P1=argmpaxln ps(Pj ;P9ppis(DjP; )  (5)

Note,ps (Pj ;PO)ijs(DjP; ) is thejoint pdf of D and
P andwe denoteit

po:s(D;Pj ;P% ) (6)
P1, the P that maximizes(6), is the so call MAP (maxi-
mum a posterioriprobability) estimateof P giventhe data
D. Figure(2a)shows a surlacemeshobtainedfrom a laser
scanner The meshstructureis irregularandcontainslarge
holesandtears. Figures(2b) and(2c) showv our low reso-
lution and ne resolutionMRF meshinterpolationswhere
themeshverticesfrom Fig. (2a) aredataanda planeis the
initial MRF shapeP°. The meshegproduceddo not have
holesandaremoreregular. Our interpolationusesthe sur
facemodelfrom §2.1.1andthe datamodelfrom §2.2.1.

2.3.1 Optimization and an Example

Thejoint pdf (6) hasanenegy (1) de ned for all possible
positionsof the meshvertices,i.e. valueswhich the site
(x; y; z) randomvariablesmay assume.Optimizationcor-
respondgo maximizingthe joint pdf (6) by applyingary
standarchon-linearmaximizationmethodsuchasgradient
ascent.

For optimization,we computethe gradientof (5) which
isfg(P) = 5p In(ps(Pj ;P?%) + 5p In(ppjs (DjP; ))
where5 p indicateghatwe aredifferentiatingwith respect
to the vectorof site variablesP. Hence,the clique poten-
tials anddatapdf combineto generate motionvector eld
for the MRF sites, fy; this may be interpretedas a gen-
eralizedforce fy is the resultantof two distinct forces:
(1) 5 p In(ps(Pj ;PY)) is the force betweenMRF sites,
which modelsthe intrinsic surfacebehaior (e.g., e xibil-
ity); (2)5 p In(ppjs (DjP; )) is theforce extertedon the
MRF sitesby the data.Hence the cliquesandtheir associ-
atedclique potentialsexert virtual force elds onthe MRF
sites.

3 Time Varying SurfaceBehaviors

In 82 the time index for surfacescould assumeonly two
valuest = (0; 1), herewe simply allow theindex t to vary
t 2 [0;1 ) for the site randomvariables,Pt, the potential
weightingcoefcients, !, andthedata,D!. Inthiscase(7)
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denotesatime-varyingpdffor 3D surfacespr, alternatvely,
canbethoughtof asa pdf having indexing parametersi; t)
for sitelocationandtime.

. 1 .
ps(Pj ;PY) = = exp  U(P LP! (7

3.1 Elasticity & Plasticity
Assumethat the surface verticesfrom the previous time
step,P! 1, remain x edattheinitial surfacei.e.,P! * =
PO 8t. If the clique potentialsfor the i MRF site are
all corvex quadraticfunctionssymmetricaboutpi. o, then
ps(Pj ' 1Pt 1) de nes a Gaussiardistribution on the
MRF sitesN (P% ) where dependsntheweight-
ing coefcients . The maximumis locatedat the mean,
hence,argmaxp ps(Pj ;P! 1) = PO, Note that the
cliguepotentialdrom §2.1.1area speciakaseof thismodel
where ' = f 9; 9g 8t. In thiscasethe surfacewill re-
turntoits originalvertex positionsin theabsencef external
forcesfrom data. Thisbehaior for theMRF is analogouso
that of an elasticsurfacedeformationfor physically-based
models.

UsingthesameGaussiatMRF sitedistributionswe con-
sidera new datasetfrom timet. We optimize(8) to obtain
the deformedVAP surfaceP*.

P' = argmaxin ps(Pj ' ;P' “)pojs (D'jP; )

8
To make the deformationplastic, we updatethe mean(m2
the MRF site distributions at the end of the time stepi.e.,
N  (P%;) ,andremovethedatasetD!. Now our MLE
surfacein the absencef datais the deformedsurfaceP!.
This behaior for the MRF is analogougo thatof a plastic
deformatiorfor physically-basednodels.

4 Example: 3D Sculpting

Interactive sculpting of free-form 3D shapeshasbeenan
active areaof researchin thecomputergraphicscommunity
for quite sometime. Existing systemsprovide examplesof
mary differentsurfacerepresentationandwork continues
to developtheir utility for intuitive sculpting[3, 1, 6, 7]. We
presenthere our interactive sculpting systemand explain
how the surfacemodelis representedo a virtual sculptor
and providesa heretoforeunexploredanalogyto facilitate
controlledsurfacedeformation.

Our basicsculptingsystemusesthreeclique structures

§2.1.1for clari cation) andK denoteghe numberof sites
thataremeshneighborsof sitei. The clique potentialsand
theirassociatedliquesareprovidedin Table(1).

Eachof the cliquesand associatedlique potentialsin
Table(1) is assignedh descriptve phrasesymbolizinghow
the clique potential in uences interpolationsof sculpted
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[ Description | ¢ Vo(Po)
MeanField 1 kpi  p! K2
Mean
Smoothing 2 kpi pi t Py * Py, K
Edge - - t 1 t o1
Preserving 2 kpi  pick  kp; p;, kK
Surface
1 2
Flattening K+l k'l k
Curvature P .,
Preserving K+l (Vo & k=, ()
Symmetry 5 kpi npk? KAp; npk?+
(se€eFig. 4a) kpi npk2 KAD | npk2

Tablel: SculptingClique Potentials
For potentialsinvolving cunature,i.e., , we have appliedthe method
from [5] to obtainprinciplecur\aturewndprincipledirections:(! ! 2).
In generalthe notation !, denoteshe cunaturein the directionof the
vector'v .

datasets. For example,the Mean Field descriptionis as-
signedthecliquepotentiakp; p; 'k? whichincreaseasa
guadratidunctionof thedisplacementf thevertex. Hence,
thispotentialencouragepointsto remainattheiroriginalor
meanposition,i.e.,p} ! for thei™ vertex. Hence,we can
think of eachclique andits associatedlique potentialas
specifyinga speci c type of force eld for the MRF sites
whichis identi ed by our descriptve phrase.For example,
we canreferto the meanforce eld asthoseforceswhich
move verticesfrom their current(x; y; z) positionto their
original (x; y; z) position.

The relative strengthof eachforce eld type causeghe
surfaceto interpolatethe sculpteddatadifferently. Hence,
usingthis force- eld analogythesculptorcanmodify force
eld strengthsi.e., cliquepotentialfunctioncoefcients, to
intuitively control the surface. The usercontrolsthe 6 po-
tentialfunctioncoefcients, = ( 1; 2; 3, 4; 5, 6),
for eachof therows from Table (1) which, combinedwith

the 2 datamodel parameters = N’ 2 from §2.2.1,

malkes8 usercontrolledparametern total. Their geomet-
ric meaningsaregivenin 84.1.

The sketcheddatais providedat differenttime instances
andis consequentlgsituationwherethetime varyingMRF
modelsof §3 areappropriate The sculptoris empaveredto
deformtheshapevia asinglecustombuilt devicewhich can
interactvely (add/remee) data,control the dataandmate-
rial parametersandde ne primitive cliques.Thesculpting
processs thendescribedn termsof cycles. At the begin-
ning of eachcycle thesculptormaydo ary of thefollowing
functions:

Introducea dataset,Dt, to the systemfor surfacede-
formationwith varyingdatatypes:
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@) (b) (©) (d)
Figure 3: Figures(a-d) shav the reconstructiorof a nose
on adamagedrchaeologicasculpturediscoveredin Petra,
Jordan.(a) animageof the archetypenoseusedfor recon-
struction(b) aninterpolationof the damagednaskdata(c)
interactive modi cation for rekuilding the missingnoseus-
ing anisotropicclique potentialsandonly afew datapoints
shawvn in blue (d) thereconstructednask.

— 3D spacecurwes, i.e., 3D points obtainedfrom

3D tracker integratedinto a sculptingpen,
— Directional featureenhancements,e., indicate

areadgo applyanisotropidaiffusion,
— A cloudof 3D datapointsfrom atemplate.

Make the currentdeformationplastic(see83.1).
Remaoe previousdatasets.
Changeadeformatiornparametersf the system.
Changeheclique structureof the system.
Remeslregionsof the surfaceusingthemethodin [4].
At the endof the cycle we computea solutionto the opti-
mizationproblem(5) asdescribedn §2.3.1.The systemis
implementedn Jasa, and performsin real time for defor
mationsinvolving in excessof 5000vertices.

4.1 Sculpting Potentials

For eachof the potentialdistedin Table(1) thetime index
t 1refersto thetime of thelastplasticdeformationspec-
i ed by the user see83.1. The following list providesa
geometridnterpretatiorof the potentialdistedin Table(1)
(see84 for MeanField).

MeanSmoothingStrengtheninghis force will encourage
neighboringMRF sites to have similar dis-
placementgrom their original position which
makes the surface smoothly interpolate the
data.

Edge Preserving Strengtheninghis force will encourage
the meshedgesto remain x ed which makes
thesurfacematerialrigid.

SurfaceFlattening Strengtheninghis forceencouragethe
|surfaceregion to belinear in the direction of
V.

Curvatue Preserving Strengtheninghis force encourages
the surfaceregion to presere curvature,i.e.,
mesh neighborsare encouragedo have the
samecurvaturein thedirectionof v'? .
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Figure 4: SymmetryCliques: Spatially distantsitesare
associatedy their heightand (x; y) positionsrelative to
a userde ned planeas shavn in (a). In (b), we usethe
symmetryclique potentialfrom Table (1) settingA = | to
createanoriginal sculptingof aheadfrom aninitial capsule
shapeln (c), we canchangethe symmetryclique potential
to benon-isometricscaling: diag(A) = (1:25; 1:25; 1).

Symmetry Strengtheninghisforceencouragethesurface
to be symmetricabouta prede ned plane as
shavnin Fig. (4).

5 Conclusions

We have presentech novel deformablesurfacemodeland
demonstrated sculptingsystemwhich intuitively usesthis
modelandinterpretedt assculptingvia virtual force- elds.
Simplecliqueforcesprovide goodsurfaceinterpolationsas
shawvn in Fig. (2) andmore complex forcesallow for eas-
ier sculptingof usefulfeatues as shovn in Figs. (3) and
(4). The power available dueto the generality versatility,
andcomputationakimplicity of the modelmalkesit perfect
for building arbitraryfree-formshapeavherethe userpro-
videsdatato thecomputewhichis interpolatedy theMRF
model at an interactive rate. This materialis basedupon
work supporteddy the National ScienceFoundationGrant
No. 0205477.
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