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Abstract

A heretofore unsolvedproblem of great archaeol@ical
importanceis the automaticassemblyof pots madeon a
wheel from the hundeds (or thousands)of sheds found
at an excavationsite An approad is presentedto the
automaticestimationof mathematicamodelsof sud pots
from 3D measuementof sheds. A Bayesianappoad is
formulatedbeginningwith a descriptionof the completeset
of geometricparametes that determinethe distribution of
the shed measuementdata. Matching of fragmentsand
aligningthemgeometricallyinto con gurationsis basedon
matding break-curvegcurveson a pot surfacesepaating
fragments),estimatedaxis and pro le curve pairs for in-
dividual fragmentsand con gurationsof fragmentsand a
numberof featuiesof groupsof break-curvesPot assembly
is a bottom-up maximumlikelihood performance-based
search. Experimentareillustratedon potswhich wetre bro-
kenfor the purpose and on shedsfroman archaeolaical
dig locatedin Petra, Jordan. Theperformanceneasue can
also be an aposteriori probability, and many other types
of information can be included, e.g., pot wall thickness,
surfacecolor, patternson thesurface etc. Thiscanalsobe
viewedasthe problemof learning a geometricobjectfrom
an unormganizedsetof free-formfragmentsof the objectand
of clutter, or asa problemof perceptualgrouping

Keywords: automatic pot assembly structure from
unomganized 3D data, geometric learning, perceptual

grouping.
1 Intr oduction
Many archaeologicagxcavation sitesarerich in fragments

of pots, called sheds hereafter which are either axially
symmetrict or look asthoughthey might have suchrota-
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1].e., theintersectiorof thepot outersurfacewith aplaneperpendicular
to the potaxisis acircle or nearlyso.
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tional structurebut really do not, e.g., the handlesof a jar
or at sectionsof the surfaceof a plate. Thereis greatsci-
enti ¢ and cultural interestin the archaeologicatommu-
nity in reconstructingheseaxially symmetricpotsfrom the
sherdsfound. At presentfew potsarereconstructedince
the assemblyis donemanuallyandis time consumingof-
ten taking a few daysfor one pot. Instead,most pottery
is approximatelyclassi ed usingtwo-dimensionabiraving
and measurementechniqueg6]. This paperpresentsan
approacho thelargely automaticestimationof mathemati-
calmodelsof axially symmetricpotsfrom 3D laserscanned
dataof thesherdsThis datais a densesetof 3D pointsover
theoutersurfaceandperhapthersurfacesaswell of each
sherd,suchasalongbreaksandtheinsideof the pottery

Somework hasbeendoneon the moregeneralproblem
of solving 3D puzzlesvia matchingof eitherbreakcurves
[11, 5] or breaksurfaces[7]. Noteworthy work with re-
spectto the speci ¢ problemof pot classi cation and as-
semblyis treatedby Sablatniget. al. in [10]. However,
noneof theapproacheassembleompletepotsnor do they
useaxis/pro le-curves.

2 Sherd Geometry Parameters

(@) (b)

Figurel: (a) A groupof sherdsfrom a variety of pots;(b)
exampleof anurn reconstructedrom 20-30pieceq12].

In this sectionwe presenthe geometricparametershat

uniquely and completelyspecify the geometryof a sherd
or pot, indicatetheir role in computingthe probability of
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the measuremerdataof a groupof sherdsalignedasa hy-
pothesizedportion of a possiblepot, and commenton the
searchalgorithmfor doing MLE or MAP estimationof a
completepot. All of theseare major new contributionsto
a conceptof virtual pot estimationandspeci ¢ algorithms
for implementingthe variouspiecesof the approach.We
assumesherdsare generateds follows. Naturegenerates
a numberof pots of variousshapeshreakseachpot into
fragmentsalongbreakcurves(Fig. 2) shehasdravn onthe
surface,scattersa subsebf eachsuchsetof fragmentsand
alsoscattersomepot-like fragmentshatdonotcomefrom
pots. Our job is to estimatemathematicaimodelsof the
original potsfrom laserscansf thesesherdfound. For the
purposeof this paper we have focusedon a subsetof the
geometricinformationthat canbe used. It consistsof the
outersurfacebreak-cures,break-cureverticesat T andY
junctions(Fig. 2), axis/pro le curvefor eachalignedgroup,
i.e. con guration, and Euclideantransformationghat take
eachsherdfrom its data-measuremepbsitionto its posi-
tion in acon guration. Our ultimateinterestis only in esti-
matingtheaxis/pro le curvefor apot. Theotherparameters
must be estimatedoecausehey explain the measurement
data,but thearenuisanceparameters.

Figure2: Geometryusedro represena fragmentedressel.

Assumethe pot is in standardposition, i.e., its axisis
the z-axisandit sits on the xy-coordinateplane. Thenthe
potandits fragmentsarespeci ed by vectorsof parameters
listedin Tablel. Thesearethe parametersf thegeometry
of thefragmentdn their original positions.We assumehat
thei™ fragmentof a vesseln standardpositionundegoes
an arbitrary Euclideantransformation,T %, to move it to a
measuremerposition, which simply consistsof a rotation
andtranslation We call thetransformedragmenta“sherd?
Thespeci c modelsaredescribedaterin § 3.

Sherdmeasurement-data provided by a Shapgrabber
laser/cameracannefl]. It producesl5,0003D points/sec.
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| symbol | signi cation |

I z-axis (axisof vesseln standardgosition)
Radiuscurve for entirevessel

(i.e., pro le-curve,r(z), with respecto z-axis)

i Portionof radiuscurve for fragment

i Portionfor theunionof fragments andj

Break-cunesfor entirevessel

i Portionof break-curesfor fragmenti

i Portionsharedby fragmentd andj

Tablel: BasicgeometriqparametersiNotethat, 'sand 's
areall vectos of modelparameters.

| symbol | signi cation |
u? Outersurfacedatafor sherdi
V7o Break-cune datafor sherdi
Ve Break-cunedatafor i™ sherd

overi; j " sherdbreak
uo Vectorcomposeaf all theU
A Vectorcomposeaf all theV

Table2: Themeasuremerdata.

ataresolutionandaccurag of the orderof 0.25mm.All of
thesepointsare surfacemeasurements,e., measurements
of outer, inner, andbreaksurfacesincluding the 3D ridges
thatseparatehesesurfaces.For thealgorithmsusedin this
paper we have extractedtwo subsetf the measurement
data: 1) thosepoints which are measurementsf a sherd
outersurface and 2) thosewhich are measurementsf a
sherdoutersurfacebreak-cure. Ourapproacho doingthis
for the datasetsusedin this paperis fast,basedon cluster
ing, andis describedn [3].

2.1 Assumptions

Surfacemeasuementpoints areiid N (0; 2)
Theseare independent;dentically distributed, Gaussian
perturbations perpendicularto the surface and having
mean0 andvariance 2. See[2] for ajusti cation of this
model.
Break-curve measurementpoints areiid N (0; 2I)
Theseare independentjdentically distributed spherically
symmetricGaussianperturbationsin 3-spaceabout eat
pointonthetrue break-curvewith mean0 andvariance 2.
Note that, more appropriatebut more complicatedmodels
canbeused.

Thejoint probability of all surfaceandbreak-cure data
givenapro le curve,abreak-cure,andall transformations
to sherdscanbewritten as:
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\4
Y= PUZSVITS; )

PU%VITY ;

TheMLE is thevectorof valuesfor T% ;  thatmaxi-
mizes(1). A combinedVIAP andMLE is thevectorof val-
uesthatmaximizesP (U% V4T ;. )P( ), whereP( )
is thea priori probability distribution for the vesselpro le
curve. Note that, egn.(1)illustratesthe role of T, i.e,, it
translated, ; and ; tothei®™ sherdposition. Also note
that estimatinga virtual pot can be thoughof asaligning
into standad positionthe datasetsfor theindividual sherds

whichinvolvesestimatingT ; = (T?) 1.

3 Sherd Alignment and Geometry
Estimation

We begin by matchingthe break-cure measurementor

pairsof sherdsstartingat their break-cure vertices.These
verticesoccurwheretwo, three,andin somecasedour or

more, sherdcornersmeet. In the prevalent casesof two

or three sherdvertex points, the verticescan meetin T-

junctionsor Y-junctionsrespectiely (Fig. 2). Toward this

end,we putdown a nite numberof pointsalongthe mea-
suredbreak-cure for eachsherdstartingat a vertex. Suc-
cessie pointsare a Euclideandistance*d” from one an-
other For a given sherd,eachmeasurecbreak curve is

matchedvith all themeasuredreakcurvesonothersherds.
Theerrorcriterionis a sumof squarecerrors,andthe error
functionalsocontainghe sumof squaredlifferencesn the
measurednit normalsto thesurfacesatthedatapointsused
in thematchesThelatteris toimposesurfacetangentonti-

nuity acrossabreakcurve. Let usconsidetthe break-cure
datapoint pjn , from sherdi, anddenoteR andt asthe
estimated-otation matrix andtranslationvectorcomingas
solutionto equation(2) below, where is achosemositive

constantniy istheunit normalto thesurfacedataof sherd
i atthebreak-curedata-pointpin andM isthenumberof

datapointsused,which is 5 at present. Thenwe have the
optimizationproblem:

¥ h [
rg_i? kpim RPjm tk>+  knim anmkz:

m=1
)
Equation(2) hasan explicit solution. This is a linear
least-squaregroblem,andthe solutionis computedatlittle
cost? Storedwith eachmatchedpair is the sumof squared
errorsbetweenthe ve pairsof correspondingointsused
in thealignmentcomputation We denotethis errorer :

2|t takeslessthana millisecondof CPUtime onour PC's.
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m=1

Rpjm th*; 3
whereT is thetransformatiorthatproducedhebestalign-
ment. It canbe shavn [3] that this costis equivalentto
MLE of thecommonbreak-cure onthe pot surfacefor the

sherdhas4 verticeson average andthat200sherdsnustbe
consideredor assemblyThen,thereareroughly4 200=
800break-cure sgmentghatmustbe comparedor possi-
ble matchesHence thereareroughly(800°=2) = 320, 000
pairsthatmustbechecledfor matcheslf eachmatchcom-
putationtakesaboutonemillisecond,the total of all match
checksandalignmentdakesabout6 minutes.

@ (b)

(© (d)

Figure3: Break-cune pair matches.

Figure 3 shavs matchedand aligned break-cure data
for 4 pairsof sherds. Examples(a) and (b) representor-
rect matcheswith resultingalignments. Examples(c) and
(d) areincorrectmatchesandalignments.For theincorrect
matchesshownn, the matchingerroris small, i.e., the ve
pairsof pointsmatchwell. It doesoccurin practicethatan
incorrectmatchmay have a smallermatch-errothanwill a
correctmatch.Incorrectmatchesnaybe quickly identi ed
via two methods: 1) by detectingbreak-cure dataover
lap, asillustratedin case(c), or 2) by comparingthe pro le
curvefor the surfacedatafor eachmatchedpair of sherds
asillustratedby case(d).

An exampleof a correctly-matchedriplet is shawvn in
Figure4. In thesecasenesherdis held x edandeachof
theothertwo is transformedwhichmeanghattwo transfor
mationsmustbe estimatedr 12 parametersTheseparam-
etersare estimatedsimultaneouslyusing all the matching
datain a single costfunction. Unfortunately in this case
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Figure4: Exampleof a break-curetriplet match.

the estimationis nonlinear. The approactextendsimmedi-
atelyto four or moregroupsof sherdswherek 1 trans-
formationsmustbe estimatedsimultaneouslyor optimally
matchingk sherds.

Whereaseffective algorithmshave beendevelopedfor
estimatingthe axisandassociategbro le curve for a sherd
that comprisesa large portion of the surfaceof an axially
symmetricpot, there do not appearto be effective algo-
rithms for estimatinga pot axis whenthe sherdis a very
smallportion of the pot or whenthepro le curveis compli-
cated But thesecasesareimportantin practiceandchal-
lengingin concept.We consideitwo approachet estimat-
ing axis/pro le-curves: onemakesuseof sphereof curva-
tureandthe otherusesalgebraicsurfacemodels.

(a)pl1135 (b) p654 (c) p1313

Figure 5: A spectrumof archaeologicakherdsfrom the
GreatTemplesite of Petra Jordan4], usedto illustrateour
axis/pro le-curve estimation.

We have parameterizedhe axis of symmetry 1% using
the standarcgarametricequationof a3D line:

X=myz+ b;
y=myz+by:

(4)

Theseequationgontainfour unknavn parametersTwo of
these my, andmy, describethe slopeof theline whenit is
projectedontothe xz-planeandthe yz-plane,respectiely.
Theremainingiwo parameterdy, andb,, specifywherethe
line interceptshexy-planeatz = 0.
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The rst methodusesan algebraicsurface model [9]
(equialently, an algebraicpro le-curve model) and can
handleshapedor which the radiusfunctionis multivalued
(Fig. 6a). An algebraiccurve of degreed has[(d + 1)(d +
2)=2] unknown coefcients andtakesthefollowing form:

X .
fa(r;z) = arl ¥ = 0: (5)
0 j+k d;jjk O

Here, d is a parametemwhich is relatedto the geometric
compl«ity of the pottery sherdpro le-curve to be esti-
mated. For the artifactsin this paper all experimentsare
performedwith d = 6. Theseandthe axis parametersle-
ne the objective function (6) below, which is a modi ed

versionof theenegy functionin [9], for estimatinghepro-

le curvecoefcients:

(Fariiz)+  kn? 1 fa(ri;z)K); (6)

X
€yrad =
i=1

Sincethe surfacemodeldependn the axis, the result-
ing objective functionis highly non-linear Consequently
cornvergenceo alocalminimummayoccurif minimization
is startedfar from thetrue parametewalue. The estimation
algorithm needsonly a hypothesizedxis of symmetryin
orderto begin. In practice we begin with the axis estimate
providedby animprovedversionof the Plicker coordinates
methodasdescribedn [8]. Thisinitial estimates very fast
— probablylessthana millisecond. Thetotal computation
time® is of theorderof 1 to 3 minutesfor roughly3,000data
points.

Figure5 shavs a setof threesherddrom anarchaeolog-
ical dig at Petra,Jordan[4], which were usedto illustrate
the algorithmabove. The sherdsurface-datas overlaidin
white on the estimatecpot-surfice.Also, uponrotatingthe
estimatedsherddata-axisto coincidewith the z-axis, the
distanceof each3D surfacedata-pointis plottedasa func-
tion of z. The narravnessof the swathsof datain Figure6
demonstratéheaccuray of our estimategor axesfor these
dif cult examples5.(a)is anexampleof asmallsherdhav-
ing a somavhat complicatedmulti-valuedradiusfunction
r(z). Notefrom Figure5.(b) that accurateestimatesnay
be derived from sherdswhich seemto containlittle shape
information. Figure5.(c) givesa goodappreciatiorof how
muchinformationmaybe extractedfrom alarge piece.

Usingthesecondnethodwede ne spheesof curvatue
which arethe spheresenteredat oneof the principal cen-
tersof curvatureandhaving radiusequalto the correspond-
ing radiusof curvature. Thesespheresare tangentto the
surface.lt is easyto shaw thatfor eachpointonthesurface,
the centerof the sphereof principal curvaturecorrespond-
ing to theparallelcirclesis onthemainaxis(of revolution).

SImplementedusingthe C programmindanguage.
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(a) p1135

(b) p654

(c) p1313

Figure6: Axis/pro le-curve estimategor the sherdf Figure5, andtheir estimatedD pot models.

By nding the line which minimizesthe leastsquaredis-
tancefrom the estimatedcentergo a hypothesizeaxis,we
canestimatehe mainaxisandthenits pro le curve.

One useful feature of a surface of revolution is that
the principal curvature correspondingo the parallel cir-
clesdoesnot dependon secondderivatives; our approach
is thereforemorerobustto noisy data.We denotethis prin-
cipalcurvature . Givenasetof m 3D data-pointfrom a
surfaceof revolution,let p; andn; bethem 3D datapoints
andtheir correspondingnormals.Supposehe axis of revo-
lution is theline |. This axiscanbe speci edby a pointpg
onl andaunitvectorw correspondingo thedirectionof I.
We make the pointpo uniqueby requiringpo w = 0. For
ary pointp onthesurface,supposeghenormalatthatpoint
isn. It canbeshowvn that

_ kn  wk
k(b po) wk-

All the centersof the sphereof curvaturecorrespondingo
shouldbe on the axis of revolution, hencewe canmini-
mizefollowing function:

f(po;w) =
=) 2
(i po) wo MERIK( w)
Therearesix parameterg thefunctionf , whicharenot
independentThey satisfythe following constraints:

po w=0 and kwk= 1:

We wantto reducethe six dependenparameterso four in-
dependenparametersDe ne thematrix R asfollowing:

sin cos  sin

Ccos sin ]
; 0 :

Sin Ccos

R =

thenthevectorw canberepresenteds:

w = cos sin sin  sin cos
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De ne pg = (x3;¥9)T = R po. Thenthe objective func-
tion f canberepresentedsa functionof four parameters,

SRPCHE
f(; x8y0) = ,
P k(Rp pdk
TR PP rmmes (R )

()

Weightedleastsquaredakes care of outliers. The ob-
jective function?7 is easyto calculate andthe minimization
canbe carriedout by generaliterative methods peginning
with the Plicker coordinatesnethoddescribedn [8]. In its
presenimplementationthecomputatiortime is afew min-
utesin MATLAB R for adatasebf afew thousandoints.

4 Sherd Joint-Geometry Estimation

During pot assembly sherdsare assemblednto con gu-
rations eachcon guration is an assemblyof a subsetof
sherdsaligned basedon their break-cure and associated
surfacedata. In this sectionwe treatthe problemof esti-
matingthe joint geometryof anarbitrarynumberof sherds
basedonthe precedingneasuremerdataalone.Thesherd
surfaceand boundaryparameter®btainedvia methodsin
§ 3 arecombinednto a singlecostfunctionwhichis asum
of the costfunctionspreviously mentioned.

Denote (all) the available geometricdataby ; , the
break-curedataby ;j andthesurfacedataby j; , this
for sherds andj . Thenalignmentandpotmodelestimation
for sherdi andj datasetsjointly, is doneby the minimiza-
tion over all geometricparameterg,e.:

min [
logPf ij jTig

logPf i j isli:Ti; idl
logPf i jTi:lj; id
er + egraq + CONstant

min [

wherethe two enegies,er andeg a4, arede nedin equa-
tions(3) and(6), respectiely.
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Theimplementedalgorithmusesapproximationgor do-
ing theminimization,is computationallyfast,andis reason-
ably accuratefor the few examplestried. Figure 7 shavs
resultsfor onesuchexperiment.This algorithmis presently
undepgoingre nementto speedt up considerably

5 Pot AssemblySearch Algorithm

Thesherdamayonly describea singleor severalsmallpor-
tions of the overall vessel. Therefore,the pot assembly
algorithmmustaccomodatdor situationswherethe input
datamaybe missingdatafor somepiecesor includegroups
of pieceswhich maybelongto entirelydifferentvessels.

To this end, we proposea MLE-based algorithmic
searchin order to robustly perform pot assembly The
algorithm examines signi cant joint-geometriesof vari-
ous sherd groups accordingto the method describedin
8§ 4. Here and afterwards signi cant denotesthosecon-
gurations whose joint-geometrycost (cost is the nega-
tive of the loglikelihood) represents possible(i.e. not-
improbable)solution. At the moment,we are considering
typical datasetsvhich consistof 100to 200 sherdswhich,
asindicated,could comefrom a numberof potsaswell as
from otherobjects.We proceedasfollows:

1. Estimatethe axis/pro le-curve for eachof the sherds
83 (Computationallycostly).

2. For eachpair of sherdsgestimateall reasonablalign-
ments using break-cure data 83 (Computationally
fas?.

3. For eachsigni cant con guration, improve the align-
mentusing§ 4 andstorecon gurationsandindividual
sherddn orderof increasingcostin astack(Computa-
tionally of mediumcostat present.

4. Starting with the top item in the stack, go down
through the stack and meige the con guration with
thoselower in the stackthat resultin roughly lowest
costcon gurationsaccordingo § 4. Updatethe stack.
Note,a sherdcanappeaionly oncein a con guration,
thoughthe samesherdcan appearin mary con gu-
rations. Returnto step3 or stop (Computationallyof
mediumcostat presen}.

Note, this searchproceedsalong contours of constant
con guration-probabilityto nd the mostprobablevirtual

pot. Hencerealizationsof high probability will perpetuate
throughthe searchalgorithmwhereasmprobablegeome-
trieswill eventuallynotbeconsidered.
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Figure7: Estimatedoint geometry Thetwo sherddatasets
t togetherwell, (a); the projected-datascatteraboutthe
estimatecpro le curveis small,(b).

6 Conclusion

A Bayesianapproachhasbeenoutlinedfor the estimation
of mathematicakepresentationfor pots basedon sherds
found at archaeologysites. The key algorithmsfor imple-
mentingtheapproactave beendevelopedandexperimen-
tal resultsfrom thesealgorithmsto real sherd3D datahave
beenpresentedcand discussed. At this time, experiments
have beerrun onautomatianatchingandaligningpairsand
triplesof sherds.

The framework discussedn this paperis for estimating
arbitrarya priori unknovn axially-symmetricpot models.
Hence,t is unsuperviseghot geometry-learnindrom sherd
data.If insteadwe know a priori thatthe potsherdgresent
are not arbitrary but ratherthat eachbelongsto one of a
groupof 10 known pot shapesthe problemis computation-
ally much easierbecausehe sherdalignmentproblemis
thenmoreof a pot shape-recognitioproblemandlessof a
shape-estimatioproblem.

The framework presenteccan accommodatedditional
geometricand patterninformation which shouldresultin
doingthe pot estimationfaster or with fewer sherdspr es-
timatingmodelsfor morecomplex objects.

The axis/pro le-curve estimatorscan be thoughtof as
generalizectylinder axis/cross-sectiorstimatorsandare
moreaccuratdor thesesmalldatafragmentghanary algo-
rithmsdemonstratetb date.
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