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Abstract
A heretofore unsolvedproblem of great archaeological
importanceis the automaticassemblyof pots madeon a
wheel from the hundreds(or thousands)of sherds found
at an excavationsite. An approach is presentedto the
automaticestimationof mathematicalmodelsof such pots
from 3D measurementsof sherds. A Bayesianapproach is
formulatedbeginningwith a descriptionof thecompleteset
of geometricparameters that determinethe distribution of
the sherd measurementdata. Matching of fragmentsand
aligningthemgeometricallyinto con�gurationsis basedon
matching break-curves(curveson a pot surfaceseparating
fragments),estimatedaxis and pro�le curve pairs for in-
dividual fragmentsandcon�gurationsof fragments,anda
numberof featuresof groupsof break-curves.Pot assembly
is a bottom-up maximumlikelihood performance-based
search. Experimentsareillustratedonpotswhich werebro-
kenfor thepurpose, andon sherds froman archaeological
dig locatedin Petra, Jordan.Theperformancemeasurecan
also be an aposteriori probability, and manyother types
of information can be included, e.g., pot wall thickness,
surfacecolor, patternson thesurface, etc.Thiscanalsobe
viewedas theproblemof learninga geometricobjectfrom
anunorganizedsetof free-formfragmentsof theobjectand
of clutter, or asa problemof perceptualgrouping.

Keywords: automatic pot assembly, structure from
unorganized 3D data, geometric learning, perceptual
grouping.

1 Intr oduction

Many archaeologicalexcavationsitesarerich in fragments
of pots, called sherds hereafter, which are either axially
symmetric,1 or look asthoughthey might have suchrota-
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1I.e., theintersectionof thepotoutersurfacewith aplaneperpendicular
to thepot axisis acircleor nearlyso.

tional structurebut really do not, e.g., the handlesof a jar
or �at sectionsof thesurfaceof a plate. Thereis greatsci-
enti�c and cultural interestin the archaeologicalcommu-
nity in reconstructingtheseaxially symmetricpotsfrom the
sherdsfound. At present,few potsarereconstructedsince
the assemblyis donemanuallyandis time consumingof-
ten taking a few daysfor one pot. Instead,most pottery
is approximatelyclassi�edusingtwo-dimensionaldrawing
and measurementtechniques[6]. This paperpresentsan
approachto thelargelyautomaticestimationof mathemati-
calmodelsof axially symmetricpotsfrom 3D laserscanned
dataof thesherds.Thisdatais adensesetof 3D pointsover
theoutersurfaceandperhapsothersurfacesaswell of each
sherd,suchasalongbreaksandtheinsideof thepottery.

Somework hasbeendoneon themoregeneralproblem
of solving3D puzzlesvia matchingof eitherbreakcurves
[11, 5] or breaksurfaces[7]. Noteworthy work with re-
spectto the speci�c problemof pot classi�cation andas-
semblyis treatedby Sablatniget. al. in [10]. However,
noneof theapproachesassemblecompletepotsnordo they
useaxis/pro�le-curves.

2 SherdGeometryParameters

(a) (b)

Figure1: (a) A groupof sherdsfrom a varietyof pots;(b)
exampleof anurn reconstructedfrom 20-30pieces[12].

In this sectionwe presentthegeometricparametersthat
uniquely and completelyspecify the geometryof a sherd
or pot, indicatetheir role in computingthe probability of
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themeasurementdataof a groupof sherdsalignedasa hy-
pothesizedportion of a possiblepot, andcommenton the
searchalgorithmfor doing MLE or MAP estimationof a
completepot. All of thesearemajor new contributionsto
a conceptof virtual pot estimationandspeci�c algorithms
for implementingthe variouspiecesof the approach.We
assumesherdsaregeneratedasfollows. Naturegenerates
a numberof pots of variousshapes,breakseachpot into
fragmentsalongbreakcurves(Fig. 2) shehasdrawn on the
surface,scattersa subsetof eachsuchsetof fragments,and
alsoscatterssomepot-likefragmentsthatdonotcomefrom
pots. Our job is to estimatemathematicalmodelsof the
originalpotsfrom laserscansof thesesherdsfound.For the
purposeof this paper, we have focusedon a subsetof the
geometricinformationthat canbe used. It consistsof the
outer-surfacebreak-curves,break-curveverticesatT andY
junctions(Fig. 2), axis/pro�le curvefor eachalignedgroup,
i.e. con�guration, andEuclideantransformationsthat take
eachsherdfrom its data-measurementpositionto its posi-
tion in a con�guration. Ourultimateinterestis only in esti-
matingtheaxis/pro�le curvefor apot. Theotherparameters
must be estimatedbecausethey explain the measurement
data,but thearenuisanceparameters.

Figure2: Geometryusedro representa fragmentedvessel.

Assumethe pot is in standardposition, i.e., its axis is
thez-axisandit sitson thexy-coordinateplane.Thenthe
potandits fragmentsarespeci�edby vectorsof parameters
listedin Table1. Thesearetheparametersof thegeometry
of thefragmentsin their originalpositions.We assumethat
the i th fragmentof a vesselin standardpositionundergoes
an arbitraryEuclideantransformation,T 0

i , to move it to a
measurementposition,which simply consistsof a rotation
andtranslation.Wecall thetransformedfragmenta“sherd.”
Thespeci�c modelsaredescribedlaterin § 3.

Sherdmeasurement-datais providedby a Shapegrabber
laser/camerascanner[1]. It produces15,0003D points/sec.

symbol signi�cation

l z-axis(axisof vesselin standardposition)
� Radiuscurvefor entirevessel

(i.e., pro�le-curve,r (z), with respectto z-axis)
� i Portionof radiuscurvefor fragmenti
� ij Portionfor theunionof fragmentsi andj
� Break-curvesfor entirevessel
� i Portionof break-curvesfor fragmenti
� ij Portionsharedby fragmentsi andj

Table1: Basicgeometricparameters.Notethat,� 'sand� 's
areall vectorsof modelparameters.

symbol signi�cation

U 0
i Outersurfacedatafor sherdi

V 0
i Break-curvedatafor sherdi

V 0
i;j Break-curvedatafor i th sherd

over i; j th sherdbreak
U 0 Vectorcomposedof all theU i

V 0 Vectorcomposedof all theV i

Table2: Themeasurementdata.

at a resolutionandaccuracy of theorderof 0.25mm.All of
thesepointsaresurfacemeasurements,i.e., measurements
of outer, inner, andbreaksurfacesincluding the3D ridges
thatseparatethesesurfaces.For thealgorithmsusedin this
paper, we have extractedtwo subsetsof the measurement
data: 1) thosepoints which are measurementsof a sherd
outer-surfaceand 2) thosewhich are measurementsof a
sherdouter-surfacebreak-curve.Ourapproachto doingthis
for thedatasetsusedin this paperis fast,basedon cluster-
ing, andis describedin [3].

2.1 Assumptions

Surfacemeasurementpoints are iid N (0; � 2
s )

Theseare independent,identically distributed, Gaussian
perturbations perpendicular to the surface and having
mean0 andvariance� 2

s . See[2] for a justi�cation of this
model.
Break-curvemeasurementpoints are iid N (0; � 2

b I )
Theseare independent,identically distributed spherically
symmetricGaussianperturbationsin 3-spaceabout each
pointonthetruebreak-curve, with mean0 andvariance� 2

b .
Note that, moreappropriatebut morecomplicatedmodels
canbeused.

Thejoint probabilityof all surfaceandbreak-curvedata
givenapro�le curve,abreak-curve,andall transformations
to sherds,canbewrittenas:
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P(U 0; V 0jT 0; �; � ) =
Y

i

P(U 0
i ; V 0

i jT
0
i ; �; � ): (1)

TheMLE is thevectorof valuesfor T 0; �; � thatmaxi-
mizes(1). A combinedMAP andMLE is thevectorof val-
uesthat maximizesP(U 0; V 0jT 0; �; � )P(� ), whereP(� )
is thea priori probabilitydistribution for thevesselpro�le
curve. Note that, eqn.(1)illustratesthe role of T 0

i , i.e., it
translatesl , � i and� i to the i th sherdposition. Also note
that estimatinga virtual pot can be thoughof as aligning
into standard positionthedatasetsfor theindividualsherds
which involvesestimatingT i = (T 0

i )
� 1.

3 Sherd Alignment and Geometry
Estimation

We begin by matchingthe break-curve measurementsfor
pairsof sherdsstartingat their break-curvevertices.These
verticesoccurwheretwo, three,andin somecasesfour or
more, sherdcornersmeet. In the prevalent casesof two
or three sherdvertex points, the verticescan meet in T-
junctionsor Y-junctionsrespectively (Fig. 2). Toward this
end,we put down a �nite numberof pointsalongthemea-
suredbreak-curve for eachsherdstartingat a vertex. Suc-
cessive points are a Euclideandistance“d” from one an-
other. For a given sherd,eachmeasuredbreak curve is
matchedwith all themeasuredbreakcurvesonothersherds.
Theerrorcriterionis a sumof squarederrors,andtheerror
functionalsocontainsthesumof squareddifferencesin the
measuredunit normalsto thesurfacesatthedatapointsused
in thematches.Thelatteris to imposesurfacetangentconti-
nuity acrossa breakcurve. Let usconsiderthebreak-curve
datapoint p im , from sherdi , anddenoteR and t as the
estimatedrotationmatrix andtranslationvectorcomingas
solutionto equation(2) below, where� is achosenpositive
constant,n im is theunit normalto thesurfacedataof sherd
i at thebreak-curvedata-pointp im andM is thenumberof
datapointsused,which is 5 at present.Thenwe have the
optimizationproblem:

min
R ; t

MX

m =1

h
kp im � Rp j m � t k2 + � kn im � Rn j m k2

i
:

(2)
Equation(2) hasan explicit solution. This is a linear

least-squaresproblem,andthesolutionis computedat little
cost.2 Storedwith eachmatchedpair is thesumof squared
errorsbetweenthe � ve pairsof correspondingpointsused
in thealignmentcomputation.We denotethis erroreT :

2It takeslessthanamillisecondof CPUtimeonour PC's.

eT �
MX

m =1

kp im � Rp j m � t k2 ; (3)

whereT is thetransformationthatproducedthebestalign-
ment. It can be shown [3] that this cost is equivalent to
MLE of thecommonbreak-curveon thepot surfacefor the
datapoints,(p im ; p j m ) m = 1; : : : ; 5. Let usassumethata
sherdhas4 verticesonaverage,andthat200sherdsmustbe
consideredfor assembly. Then,thereareroughly4� 200=
800break-curvesegmentsthatmustbecomparedfor possi-
blematches.Hence,thereareroughly(8002=2) = 320; 000
pairsthatmustbecheckedfor matches.If eachmatchcom-
putationtakesaboutonemillisecond,thetotal of all match
checksandalignmentstakesabout6 minutes.

(a) (b)

(c) (d)

Figure3: Break-curvepairmatches.

Figure 3 shows matchedand alignedbreak-curve data
for 4 pairsof sherds.Examples(a) and(b) representcor-
rect matcheswith resultingalignments.Examples(c) and
(d) areincorrectmatchesandalignments.For theincorrect
matchesshown, the matchingerror is small, i.e., the � ve
pairsof pointsmatchwell. It doesoccurin practicethatan
incorrectmatchmayhavea smallermatch-errorthanwill a
correctmatch.Incorrectmatchesmaybequickly identi�ed
via two methods: 1) by detectingbreak-curve dataover-
lap, asillustratedin case(c), or 2) by comparingthepro�le
curvefor the surfacedatafor eachmatchedpair of sherds
asillustratedby case(d).

An exampleof a correctly-matchedtriplet is shown in
Figure4. In thesecasesonesherdis held�x edandeachof
theothertwo is transformed,whichmeansthattwo transfor-
mationsmustbeestimatedor 12 parameters.Theseparam-
etersare estimatedsimultaneouslyusing all the matching
datain a singlecost function. Unfortunately, in this case
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Figure4: Exampleof a break-curvetriplet match.

theestimationis nonlinear. Theapproachextendsimmedi-
ately to four or moregroupsof sherds,wherek � 1 trans-
formationsmustbeestimatedsimultaneouslyfor optimally
matchingk sherds.

Whereaseffective algorithmshave beendevelopedfor
estimatingtheaxisandassociatedpro�le curve for a sherd
that comprisesa large portion of the surfaceof an axially
symmetricpot, there do not appearto be effective algo-
rithms for estimatinga pot axis when the sherdis a very
smallportionof thepotor whenthepro�le curveis compli-
cated. But thesecasesareimportantin practiceandchal-
lengingin concept.Weconsidertwo approachesto estimat-
ing axis/pro�le-curves:onemakesuseof spheresof curva-
tureandtheotherusesalgebraicsurfacemodels.

(a)p1135 (b) p654 (c) p1313

Figure 5: A spectrumof archaeologicalsherdsfrom the
GreatTemplesiteof Petra,Jordan[4], usedto illustrateour
axis/pro�le-curveestimation.

We have parameterizedthe axis of symmetry, l 0, using
thestandardparametricequationof a3D line:

x = mx z + bx ;
y = my z + by :

(4)

Theseequationscontainfour unknown parameters.Two of
these,mx andmy , describetheslopeof theline whenit is
projectedontothexz-planeandtheyz-plane,respectively.
Theremainingtwo parameters,bx andby , specifywherethe
line interceptsthexy-planeat z = 0.

The �rst methodusesan algebraicsurface model [9]
(equivalently, an algebraicpro�le-curve model) and can
handleshapesfor which theradiusfunction is multivalued
(Fig. 6a). An algebraiccurve of degreed has[(d + 1)(d +
2)=2] unknown coef�cients andtakesthefollowing form:

f d(r; z) =
X

0� j + k � d; j;k � 0

aj k r j zk = 0: (5)

Here, d is a parameterwhich is relatedto the geometric
complexity of the pottery sherdpro�le-curve to be esti-
mated. For the artifactsin this paper, all experimentsare
performedwith d = 6. Theseandtheaxisparametersde-
�ne the objective function (6) below, which is a modi�ed
versionof theenergy functionin [9], for estimatingthepro-
�le curvecoef�cients:

egr ad =
IX

i =1

(f 2
d (r i ; zi ) + � knp

i � r f d(r i ; zi )k
2) ; (6)

Sincethesurfacemodeldependson theaxis, theresult-
ing objective function is highly non-linear. Consequently,
convergenceto a localminimummayoccurif minimization
is startedfar from thetrueparametervalue.Theestimation
algorithmneedsonly a hypothesizedaxis of symmetryin
orderto begin. In practice,we begin with theaxisestimate
providedby animprovedversionof thePlückercoordinates
methodasdescribedin [8]. This initial estimateis very fast
— probablylessthana millisecond.Thetotal computation
time3 is of theorderof 1 to 3 minutesfor roughly3,000data
points.

Figure5 showsasetof threesherdsfrom anarchaeolog-
ical dig at Petra,Jordan[4], which wereusedto illustrate
the algorithmabove. The sherdsurface-datais overlaid in
white on theestimatedpot-surface.Also, uponrotatingthe
estimatedsherddata-axisto coincidewith the z-axis, the
distanceof each3D surfacedata-pointis plottedasa func-
tion of z. Thenarrownessof theswathsof datain Figure6
demonstratetheaccuracy of ourestimatesfor axesfor these
dif�cult examples.5.(a)is anexampleof asmallsherdhav-
ing a somewhat complicatedmulti-valuedradiusfunction
r (z). Note from Figure5.(b) that accurateestimatesmay
be derived from sherdswhich seemto containlittle shape
information.Figure5.(c)givesa goodappreciationof how
muchinformationmaybeextractedfrom a largepiece.

Usingthesecondmethod,wede�ne spheresof curvature
which arethespherescenteredat oneof theprincipalcen-
tersof curvatureandhaving radiusequalto thecorrespond-
ing radiusof curvature. Thesespheresare tangentto the
surface.It is easyto show thatfor eachpointonthesurface,
thecenterof thesphereof principalcurvaturecorrespond-
ing to theparallelcirclesis onthemainaxis(of revolution).

3ImplementedusingtheC programminglanguage.
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(a)p1135 (b) p654 (c) p1313

Figure6: Axis/pro�le-curveestimatesfor thesherdsof Figure5, andtheir estimated3D potmodels.

By �nding the line which minimizesthe leastsquaresdis-
tancefrom theestimatedcentersto ahypothesizedaxis,we
canestimatethemainaxisandthenits pro�le curve.

One useful feature of a surface of revolution is that
the principal curvature correspondingto the parallel cir-
clesdoesnot dependon secondderivatives;our approach
is thereforemorerobustto noisydata.We denotethis prin-
cipal curvature� � . Givena setof m 3D data-pointsfrom a
surfaceof revolution, let p i andn i bethem 3D datapoints
andtheir correspondingnormals.Supposetheaxisof revo-
lution is theline l . This axiscanbespeci�edby a point p0

on l anda unit vectorw correspondingto thedirectionof l .
We make thepoint p0 uniqueby requiringp0 � w = 0. For
any pointp on thesurface,supposethenormalat thatpoint
is n. It canbeshown that

� � =
kn � wk

k(p � p0) � wk
:

All thecentersof thesphereof curvaturecorrespondingto
� � shouldbeon theaxisof revolution,hencewe canmini-
mizefollowing function:

f (p0; w) =
P m

i =1






 (p i � p0) � w � k(p � p 0 ) � w k

kn � w k (n i � w)







2
:

Therearesix parametersin thefunctionf , whicharenot
independent.They satisfythefollowing constraints:

p0 � w = 0 and kwk = 1:

We wantto reducethesix dependentparametersto four in-
dependentparameters.De�ne thematrixR asfollowing:

R =
�

cos� sin  sin � cos sin  
� sin � cos� 0

�
;

thenthevectorw canberepresentedas:

w =
�

� cos� sin  � sin � sin  cos 
� T

:

De�ne p0
0 = (x0

0; y0
0)T = R � p0. Thentheobjective func-

tion f canberepresentedasa functionof four parameters,
�;  ; x0

0; y0
0:

f (�;  ; x0
0; y0

0) =
P m

i =1








 (R � p i � p0

0) � k(R �p � p 0
0 )k

kR �n i k (R � n i )










2

:

(7)
Weightedleastsquarestakescareof outliers. The ob-

jective function7 is easyto calculate,andtheminimization
canbe carriedout by generaliterative methods,beginning
with thePlückercoordinatesmethoddescribedin [8]. In its
presentimplementation,thecomputationtime is a few min-
utesin MATLAB R
 for adatasetof a few thousandpoints.

4 SherdJoint-Geometry Estimation

During pot assembly, sherdsare assembledinto con�gu-
rations, eachcon�guration is an assemblyof a subsetof
sherdsalignedbasedon their break-curve and associated
surfacedata. In this sectionwe treat the problemof esti-
matingthejoint geometryof anarbitrarynumberof sherds
basedon theprecedingmeasurementdataalone.Thesherd
surfaceandboundaryparametersobtainedvia methodsin
§ 3 arecombinedinto asinglecostfunctionwhich is a sum
of thecostfunctionspreviouslymentioned.

Denote(all) the available geometricdataby � i;j , the
break-curve databy � i;j andthesurfacedataby 
 i;j , this
for sherdsi andj . Thenalignmentandpotmodelestimation
for sherdi andj datasetsjointly, is doneby theminimiza-
tion overall geometricparameters,i.e.:

min [� logP f � i;j j � ij ; l ij ; T ij ; � ij g] =

min [� logP f � i;j j T ij g � logP f 
 i;j j T ij ; l ij ; � ij g] =

eT + egr ad + constant;

wherethetwo energies,eT andegr ad , arede�ned in equa-
tions(3) and(6), respectively.
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Theimplementedalgorithmusesapproximationsfor do-
ing theminimization,is computationallyfast,andis reason-
ably accuratefor the few examplestried. Figure7 shows
resultsfor onesuchexperiment.Thisalgorithmis presently
undergoingre�nementto speedit upconsiderably.

5 Pot AssemblySearch Algorithm

Thesherdsmayonly describea singleor severalsmallpor-
tions of the overall vessel. Therefore,the pot assembly
algorithmmustaccomodatefor situationswherethe input
datamaybemissingdatafor somepiecesor includegroups
of pieceswhichmaybelongto entirelydifferentvessels.

To this end, we propose a MLE-based algorithmic
searchin order to robustly perform pot assembly. The
algorithm examinessigni�cant joint-geometriesof vari-
ous sherd groups accordingto the method describedin
§ 4. Here and afterwardssigni�cant denotesthosecon-
�gurations whose joint-geometrycost (cost is the nega-
tive of the loglikelihood) representsa possible(i.e. not-
improbable)solution. At the moment,we areconsidering
typical datasetswhich consistof 100to 200sherds,which,
asindicated,couldcomefrom a numberof potsaswell as
from otherobjects.We proceedasfollows:

1. Estimatethe axis/pro�le-curve for eachof the sherds
§3 (Computationallycostly).

2. For eachpair of sherds,estimateall reasonablealign-
ments using break-curve data §3 (Computationally
fast).

3. For eachsigni�cant con�guration, improve thealign-
mentusing§ 4 andstorecon�gurationsandindividual
sherdsin orderof increasingcostin astack(Computa-
tionally of mediumcostat present).

4. Starting with the top item in the stack, go down
through the stack and merge the con�guration with
thoselower in the stackthat result in roughly lowest
costcon�gurationsaccordingto § 4. Updatethestack.
Note,a sherdcanappearonly oncein a con�guration,
thoughthe samesherdcan appearin many con�gu-
rations. Returnto step3 or stop(Computationallyof
mediumcostat present).

Note, this searchproceedsalong contours of constant
con�guration-probabilityto �nd the mostprobablevirtual
pot. Hencerealizationsof high probabilitywill perpetuate
throughthe searchalgorithmwhereasimprobablegeome-
trieswill eventuallynotbeconsidered.

(a) (b)

Figure7: Estimatedjoint geometry. Thetwo sherddatasets
�t togetherwell, (a); the projected-datascatterabout the
estimatedpro�le curve is small,(b).

6 Conclusion

A Bayesianapproachhasbeenoutlinedfor the estimation
of mathematicalrepresentationsfor pots basedon sherds
found at archaeologysites. The key algorithmsfor imple-
mentingtheapproachhavebeendeveloped,andexperimen-
tal resultsfrom thesealgorithmsto realsherd3D datahave
beenpresentedand discussed.At this time, experiments
havebeenrunonautomaticmatchingandaligningpairsand
triplesof sherds.

Theframework discussedin this paperis for estimating
arbitrarya priori unknown axially-symmetricpot models.
Hence,it is unsupervisedpotgeometry-learningfrom sherd
data.If insteadweknow a priori thatthepotsherdspresent
are not arbitrary but rather that eachbelongsto one of a
groupof 10known potshapes,theproblemis computation-
ally much easierbecausethe sherdalignmentproblemis
thenmoreof a pot shape-recognitionproblemandlessof a
shape-estimationproblem.

The framework presentedcanaccommodateadditional
geometricand patterninformation which shouldresult in
doingthepot estimationfaster, or with fewer sherds,or es-
timatingmodelsfor morecomplex objects.

The axis/pro�le-curve estimatorscan be thoughtof as
generalizedcylinder axis/cross-sectionestimators,andare
moreaccuratefor thesesmalldatafragmentsthanany algo-
rithmsdemonstratedto date.
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