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Abstract

Thispaperdealswith theproblemof preciseautomatices-
timationof thesurfacegeometryof pot sherdsuncoveredat
archaeological excavationsitesusingdense3D laser-scan
data. Critical to ceramicfragmentanalysisis theability to
geometricallyclassifyexcavatedsherds,and,if possible, re-
constructtheoriginal potsusingthesherd fragments.To do
this, archaelogistsmustestimatethepot geometryin terms
of an axisandassociatedpro�le curvefromthediscovered
fragments.In this paper, we discussan automaticmethod
for accuratelyestimatinganaxis/pro�le curvepair for each
archeological sherd (even whenthey are small) basedon
axially symmetricimplicit polynomialsurfacemodels.Our
methodestimatestheaxis/pro�le curvefor a sherd by �nd-
ing theaxially symmetricalgebraic surfacewhich best�ts
the measured set of dense3D points and associatednor-
mals.We notethat this methodwill work on 3D point data
aloneanddoesnot require anylocal surfacecomputations
such asdifferentiation.Axis/pro�le curveestimatesare ac-
companiedby a detailedstatisticalerror analysis.Estima-
tion anderror analysisare illustratedwith applicationto a
numberof sherds. Thesefragments,excavatedfrom Petra,
Jordan,are chosenasexemplars of thefamiliesof geomet-
rically diversesherdscommonlyfoundonanarcheological
excavationsite. We thenbrie�y discusshowtheestimation
resultsmaybe integrated into a larger pot reconstruction
program.

1 Ar chaeologicalContext

In antiquity, pots and vaseswere mass-producedby civi-
lizationsfor usein a varietyof contexts. Hence,piecesof
potsandvases,hereafterreferredto as sherds, arepreva-
lent artifactsuncoveredin many archaeologicalexcavation
sites. By studyingthesefragments,archaeologistsobtain
great amountsof information about ancientcivilizations.
This paperprovidesa highly accurate solutionto the dif-
�cult problemof extracting a geometricmodelof the un-
knownpot structure in theregion associatedwith 3D mea-
surementsobtainedfroma sherd. Themodelextractedmay
be usedin a variety of applications. Someexamplesare:
shape-basedsearching of 3D sherd databases;sherd clas-

si�cation; and pot reconstruction.In §7, we touchon the
speci�c applicationof ourmodelsto pot reconstruction.

Figure1: Geometryof a surfaceof revolution

2 Surfacesof Revolution

The notationandterminologyadoptedfor surfacesin this
paperis that usedin classictexts suchas [10, 7]. A sur-
faceof revolutionS 2 < 3 is obtainedby revolving a planar
curveC 2 < 2 abouta line l 2 < 3. � is calledthepro�le (or
generating)curve andl the axis of S. Whenthe Z-axis is
takenastheaxisof revolution with pro�le curve � (z), the
surfaceS mayberepresentedparametricallyas

S ( � ; z) = (� (z) cos� ; � (z) sin � ; z) (1)

With thisparametrization,thecurvesz = constant arepar-
allels of S andthecurves� = constant aremeridiansof
S. Thepro�le curvecharacterizeshow theradiusandheight
of the surfacechangefor a �x ed meridian,seeFig (1). In
the literature,[14], an axially symmetricsurfaceis a spe-
cial caseof a SimpleHomogeneousGeneralizedCylinder,
SHGC,onewhich hascircularcrosssection.In (1), thera-
diusfunction,r = � (z), is asingle-valuedfunctionof z. In
the caseof archaeologicalsherds,thereoften occurmulti-
ple radiusvaluesfor a speci�c heightz. Examplesinclude
sherdswhich comefrom pot basesandrims,seeFig. 3 for
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a typical exampleof a pot basepro�le. For this reason,we
have generalizedour pro�le curve model to include these
situationsby usinga planarimplicit polynomial,i.e. anal-
gebraicplanarcurve : � (r; z) = 0. Theproblemof interest
is: given an unorganizedset of 3D measuredpoints of a
smallpatchof a largeraxially symmetricsurface,estimate
a surfacegeometrymodel for the patch. We seethat this
geometryis completelyspeci�edby anaxisin 3D anda2D
pro�le curve with respectto that axis. Consequently, esti-
mationof axially symmetricsurfacemodelsis estimation
of axis/pro�le curvepairsf l ; � (r; z)g. Ouralgorithmseeks
theaxis/pro�le curvepairwhichbest�ts themeasuredsherd
data.

3 Previous Work

In recentyearstherehasbeenan increasein researchper-
taining to the automaticestimationof shapemodelsfrom
3D surface data. However, in the estimationof axially
symmetricshapes,the methodsproposedhave not been
shown to be effective for small surfacepatches.But these
casesareimportantin practiceandchallengingin concept.
Someinitial work on thesubjectwasproposedin [9] where
theauthorsapplyconceptsfrom algebraicgeometryto de-
velop a linear algorithm for estimatingthe axis of sym-
metry. This methodhasthe bene�t of providing a quick
and reasonableestimate. Yet, in the interestof preserv-
ing linearcomputationalcomplexity, theauthorsdonoten-
force the Plücker relationwhich guaranteesthat the solu-
tion is a valid Euclideanline. Additionally, by estimating
the axis as a line intersectedby locally estimatedsurface
normals,the methodcannotmake useof the fact that the
measureddatalies on a continuousaxially symmetricsur-
facepatch.Hence,theestimationaccuracy is not suf�cient
for our applications.In [8], a methodof axisestimationis
presentedbasedon thefactthat for a surfaceof revolution,
maximalspherestangentto thesurfacewill havecenterson
theaxisof symmetry. This methoddiffers from ourssince
theauthorsareestimatingosculatingspheresfor eachdata
point/normalpair to obtainanestimateof theaxisof sym-
metry. Thecentersof thesespheresdependupontheprin-
cipalcurvatureof thesurfaceparallelwhichpassesthrough
eachof thepoint/normalpairs.Theauthorsaddrobustness
to their estimatorby detectingoutliersin a weighteditera-
tive least-squaresframework. Having computedtheir axis
estimate,theauthorsthenusethis estimateto computethe
pro�le curveusingacubicsplinemodel�t to thesherddata.
In our case,axially symmetricsurfacesare�t to all surface
data/normalpairssimultaneouslyusingaweightediterative
least-squares�tting method.In doingso,our modelincor-
poratesinformation from both the meridiansand the par-
allelsof thesurfaceof revolution anddoesnot requireuse
of any local operatorssuchasdifferentiationwhich ampli-

�es the measurementnoise. In §4, we illustrate this dis-
tinction betweenthe two methodswhich lead to different
axis/pro�le estimates.Sherdclassi�cationbasedon quali-
tative(e.g., globalshape)of pro�les with human-drivenpre-
processingis beingdevelopedattheTechnicalUniversityof
Vienna[13, 6].

4 Axis / Pro�le Curve Model

Theposeof arotationallysymmetricobjectis de�ned up to
a sign by it' s axisof symmetry. We have parametrizedthe
axisof symmetryusingastandardparametricequationof a
3D line:

x = mx z + bx

y = my z + by
(2)

Theseequationscontain4 unknown parameterswhich
describethe 3D axis of symmetry, l = f mx ; my ; bx ; by g.
Two of theseparameters,mx andmy , describethe slope
of the line when it is projectedinto the XZ-planeandthe
YZ-planerespectively. The remainingtwo parameters,bx

andby , specifythex andy coordinateswheretheaxis line
interceptstheXY-planeat Z=0.

Thepro�le curveis representedusinganimplicit polyno-
mial curvemodel,� (r; z) = 0. Implicit polynomialcurves
provide a compactandlow computational-costmethodof
representingshape[12, 2]. In addition,closed-formlinear
least-squares�tting methodshavebeendevelopedthatpro-
videstableandrobustcurveandsurface�ts in thepresence
of noise[11]. Thegeneralform of a2D implicit polynomial
curve of degreed has[(d + 1)(d + 2)=2] unknown coef�-
cientsandtakesthefollowing form:

� d(r; z) =
X

0� j + k � d; j;k � 0

aj k r j zk = 0: (3)

Here, d is a parameterwhich is relatedto the geometric
complexity of thepotterysherdto beestimated.Typically
oneassignsthesmallestvalueto d which is largeenoughto
representall objectsof interest.In this way, objectswhich
may have little geometriccomplexity aredescribedasde-
generatecasesof themorecomplex model.For theartifacts
in this paper, all experimentsareperformedwith d = 6.

We apply the Gradient-1 �tting algorithm developed
in [11] to estimateimplicit polynomial models1. The
Gradient-1�tting algorithmappendsa penaltyterm to the
usualleast-squaresobjectivefunction(algebraicdistancein
this case)which makesuseof the gradientof the polyno-
mial in order to get a more stableestimateof the curve.
This �tting methodmakesuseof all theavailableinforma-
tion: the hypothesizedaxis, the measuredspatialdataand
theobservednormals.This informationis usedto compute
theglobalsurfacemodelwhichbest�ts thedataandis sym-
metricaboutthehypothesizedaxis.
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Figure2: Several(x; y; z) points(in blue)areprojectedinto
the(r; z) plane(in red)de�nedby theestimatedaxisl anda
vectororthogonalto theaxispassingthroughthedatacen-
troid. Thehighlightedportionis furtherdiscussedin Figure
(3).

Givenanaxisof symmetryl , theradiusandheightposi-
tion/directionof each3D sherdpoint/normalmustbecom-
putedwith respectto theaxis l . We denotethe i th 3D data
point andnormal,of the sherd,asp i andn i respectively.
The2D radiusandheightfor thei th sherdpointarereferred
to as(r i ; zi ) andthecorresponding2D normalis np

i . Here,
thep superscriptdenotesprojectionsincethepoints(r i ; zi )
andnp

i canbeviewedasanorthogonalprojectionof the3D
datapointsinto the (r; z) planeof a cylindrical coordinate
systemwhosez-axisis de�ned by l , andthe projectionof
n i into this plane,seeFig. (2). This projectioninto r z-
spacepreservesthe distancerelationshipbetweenthe axis
andeachpointp i in xyz-space,but discardsthecomponent
of thesurfacenormalin the� direction.Hence,for any 3D
normal,n i , the correspondingprojectednormal,np

i , may
not beof unit length,i.e., knp

i k � 1. Theseparametersde-
�ne the objective function (4) below, which is a modi�ed
versionof the energy function in [11], for estimatingthe
pro�le curvecoef�cients:

egr ad1 =
IX

i =1

(� 2(r i ; zi ) + � knp
i � r � (r i ; zi )k

2) ; (4)

wherer � (r i ; zi ) =
�

@�
@r

@�
@z

� t
denotesthe gradient.

Note that, � 2(r i ; zi ) is thesurfacepoint �tting error in (4)
andthe latter term�ts thepolynomialnormalsto themea-
suredsurfacenormals.Thevaluechosenfor � will depend
uponthenoisepresentin themeasuredsurfacenormals.For
our experiments,we set � = 0:01 which correspondsto

weightingerrorsdueto thedatanormalslessthanerrorsdue
to datapoints.Weemphasizeagainthat(4) is anerrorfunc-
tion for 2D curve �tting thatgivesexactly thesameresults
asdoestheerrorfunctionin [11] for 3D surface�tting.

Figure3: Decompositionof �t error: Heretheclosestroot
of a pro�le curve model, � (r; z) = 0, is shown asa solid
circle in relationto thesinglesherddatapoint,shown asan
outlinedcircle, andnormalnp in the (r; z) plane. The �t-
ting errorbetweenthemodelandthesherddatais decom-
posedinto two separateterms.� (r; z) providesanapprox-
imatemeasureof thespatialdifferencebetweentheaxially
symmetricsurfaceand the measuredsherdsurfacepoint.
knp � r � (r; z)k providesa measureof thedifferencebe-
tweenthe axially symmetricsurfacenormaland the mea-
suredsherdsurfacenormal.

The scalarresidual,egr ad1, is a measureof asymme-
try resulting from the hypothesizedaxis. For a speci�c
axis/pro�le curve model and a datapoint/normal,the er-
ror betweenthe point/normalandthe closestpoint/normal
on thepro�le curve modelin radial or r directionis inter-
pretedasasymmetryfor a parallel of the surfaceof revo-
lution anderror in the heightor z direction is interpreted
as asymmetryfor a meridian of the surface. Fig. (3) il-
lustratestheseerrortermsgraphically, spatialasymmetryin
thedirectionsof theparallelandmeridianareindicatedwith
(� r; � z) respectively. The axially symmetricsurface�t
hasa similar errortermfor differencesin measuredsurface
normalsandthenormalsof theestimatedsurfaceindicated
by knp � r � (r; z)k. Note that theestimatesproducedby
this methodincorporatesall of theinformationavailablein
the datawhich includesobserved variation in both of the
principaldirectionsof thesurfaceof revolution. We do so
withoutcomputingany local informationfrom theobserved
datawhich makesour estimationprocedurerobustto noisy
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sherddata.

5 Axis / Pro�le Estimation

Our methodutilitizes a two-stepiterative algorithmto es-
timatetheaxisandassociatedpro�le curve which bestde-
scribestheobserved3D data.

1. Basedon thevalueof theobjective function after the
precedingiteration, choosea new value for the axis
parameters,l .

2. Basedon the new l, computeegr ad1, thevalueof the
objectivefunctionby solvingtheweightedlinearleast-
squaresproblem(4). This is anexplicit solutionwhich
is a linearfunctionof thedata.

Sincethesurfacemodeldependsupontheaxis, the result-
ing objective function is highly non-linear. Consequently,
convergenceto alocalminimummayoccurif minimization
is startedfar from thetrueparametervalue.

Theestimationalgorithmneedsonly ahypothesizedaxis
of symmetryin orderto begin.1

6 Experimental Results

A seriesof experimentswererun uponthesherdsobtained
from an excavation of the GreatTemplelocatedin Petra,
Jordan[5]. The sherdswere scannedby a ShapeGrabber
3D laserscannerwhich providessurfacepoint andnormal
measurementsfor the sherdoutersurface[1]. We present
resultson � vesherdswhichareexamplesof thefamiliesof
geometricallydiversesherdscommonlyfoundonanarche-
ologicalexcavationsite. For eachof thesesherdswe have
performeddetailederroranalysiswhichwe thendiscuss.

Error analysis proceedsby applying the bootstrap
methodwith a samplesizeof 500. Eachbootstrapsample
usesthesamenumberof pointsandnormalsastheoriginal
sherddatasetandis generatedby a randomresamplingof
thesherdpoint/normaldatawherea singledatapoint may
be selectedmorethanonce[3]. For eachof the 500boot-
strapsamples,an axis/pro�le curve estimateis generated.
We denotethe i th bootstrapestimateasf l i ; � i (r; z)g. We
assumethat the resulting500 axis/pro�le curve estimates
representindependentsamplestaken from a multivariate
normaldistribution with mean� andcovariance� . Hence,

1Typically, our initial axis estimateis obtainedusing the linear algo-
rithm describedin [9]. However, anadditionalvalidationstepis appliedto
detectdegeneratesurfacesof revolution by determiningif the sherddata
is well approximatedby a sphere,hyperellipsoid, or saddlesurface. If
thesherddatais determinedto besphericalin nature,thenno axis is esti-
mated.If thesherddatalies on a saddlesurfaceor anellipsoid,thenthere
aretwo or threevalid axisestimatesrespectively. In thesecasesadditional
information is necessaryto determinethe true axis of symmetryfor the
sherd.

wemaycomputeanestimateof theaxis/pro�le curvedistri-
bution by computingthe estimatedmeanb� = fbl; d� (r; z)g
andcovarianceb� whichprovidesuswith anapproximation
� N (b� ; b�) of thetruedistribution of theaxis/pro�le curve
parameters.Note,theerrorfunctionwe minimizecouldre-
sult in slightly biasedestimates.Hence,the most impor-
tant useof the bootstrapresultsis estimatingthe posterior
probabilitydensityfunctionfor theaxis/pro�le curvegiven
the3D measurementdataset.This informationseemsto be
veryimportantin decidingonthecon�dencethesystemcan
have in hypothesizedcon�gurationsof sherdswhich is cru-
cial in potassemblyfrom sherds.Understandingthebiasin
theestimatesis obtainedby lookingat the3D-measurement
datascatteraboutthe maximumlikelihoodestimateof the
axis/pro�le-curvespeci�ed3D surface.

For thepurposeof comparingresultsbetweensherdsof
differentshapesand sizeswe de�ned a global coordinate
systemin which to analyzethe axis/pro�le curve parame-
ters for all sherds.This coordinatesystemtransformsthe
sherddatasuchthatthemeanestimatedaxis,bl, is theworld
coordinatez-axisandthesherddatacentroidlies on thex-
axis.

Threesetsof informationarepresentedwith animageof
eachmeasuredsherd: 1) covariancematrix for axisparam-
eters(mx ; bx ; my ; by ); 2) threepro�le curves,eachassoci-
atedwith an axis estimaterepresentinga 95% con�dence
interval for theaxisestimates;3) A plot of thestandardde-
viation of the laserscan3D datapointswith respectto the
meanpro�le curveestimate,asafunctionof height,z, along
themeanestimateof thepotaxis.

In order to computethe 95% con�dence interval, the
slopeparametersof theaxis,(mx ; my ), from (2) werenor-
malizedby the height extent of the sherd. The new axis
parametrizationis givenby (5).

x = m x
z0

z + bx

y = m y

z0
z + by

(5)

Herez0 denotestheheightrangespannedby thepro�le of
a sherdwith respectto it' s meanestimatedaxis. This nor-
malizationchangestheaxisslopeparameters(mx ; my ) into
parameterswhichrepresentthechangein axisdirectionasa
percentageof thesherdheight.This providesa meaningful
measurewhich hasunits, %sher d heig ht

mm: , for thosecompo-
nentsof theeigenvectorwhichcharacterizethedirectionsof
theaxis. For the parametermx , thenormalizedparameter
m x
z0

representsthechangein axisdirectionin theXZ-plane
as the ratio of a percentageof the sherdheightper incre-
mentalstep,� x, in thedirectionof thex-axis: � z(%)

� x (mm: ) .
Having normalizedour axis directionalparameters,we

proceedby takingtheeigenvectorassociatedwith themax-
imum eigenvalueof the axis parametercovariancematrix
and chooseparameterswhich are at the two endsof the
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95% con�dence interval in the direction of the eigenvec-
tor (shown in blueandgreen),andthethird axisparameter
vector is the meanof the distribution (in red). The three
pro�le curvesshown arethoseassociatedwith thesethree
axesrespectively.

An additional �gure (9) is provided to provide per-
spective on the axis estimateswhich areobtainedvia our
method.For Figs. (4-8), plottedpro�le curvesarezoomed
to accentuatethesourceof thesmallobservederrorsin the
estimates. Since variationstypically rangebetween0.3-
0.001mm., without zoomingin closely to examinesmall
�uctuations, it is dif�cult to discernany variation in the
three95%con�denceinterval pro�le curvesfor a sherd.

In Fig. (9), weshow a non-scaledversionof theoriginal
3D datapointswhichhavebeenrotatedinto the(r; z) plane.
The y-axis is height along the estimatedaxis, and the x-
axis is distancefrom the estimatedsherdaxis for each3D
datapoint. Thebestaxisestimatewill bethatfor which the
scatteris smallestlocally in the directionperpendicularto
thetruesurface.Thedatascatterfor sherds967and1313is
shown in Fig. (9). Whatis amazingis thesmalldatascatter-
especiallyin Fig (9a)wherethesherdis almosthorizontal
with respectto it' sestimatedaxis.Qualitativecon�dencein
theaxisdirectionestimationis obtainedby observingrings
ontheinsideof thesherdresultingfrom potconstructionon
aspinningwheel.

(a) Sherdimage

0.0111 -0.0661 0.0002 -0.0005

-0.0661 0.4179 -0.0004 -0.0022

0.0002 -0.0004 0.0002 -0.0015

-0.0005 -0.0022 -0.0015 0.0100

(b) Axis parameterscovariancematrix (mm.)

(c) 95%con�denceinterval (mm.) (d) standarddeviation (mm.)

Figure4: ExperimentalResultsfor sherd654

Fig. (4) : the sherdpro�le curve hasa simple shape
which is commonlyassociatedwith body sherdsfound at
a typical archaeologicalexcavation. Sincecurvaturesare
small in directionof bothsherdmeridiansandsherdparal-

(a) Sherdimage

0.0290 -0.1748 -0.0034 0.0264

-0.1748 1.6484 0.0389 -0.3441

-0.0034 0.0389 0.0013 -0.0109

0.0264 -0.3441 -0.0109 0.0979

(b) Axis parameterscovariancematrix (mm.)

(c) 95%con�denceinterval (mm.) (d) standarddeviation (mm.)

Figure5: ExperimentalResultsfor sherd967

(a) Sherdimage

0.0979 -0.5373 -0.0255 0.1404

-0.5373 2.9906 0.1406 -0.7820

-0.0255 0.1406 0.0069 -0.0380

0.1404 -0.7820 -0.0380 0.2111

(b) Axis parameterscovariancematrix (mm.)

(c) 95%con�denceinterval (mm.) (d) standarddeviation (mm.)

Figure6: ExperimentalResultsfor sherd997

lels, axis estimatesherearedif�cult. Our accuracy in es-
timating the axis of this piecedemonstratesrobustnessto
datanoise.

Fig (5) : thesherdhasparallelswith smallcurvatures,yet
themeridiansof this sherdhave signi�cant curvatureinfor-
mation.Sincethispieceis verysmall,hasamultiple-valued
pro�le curve, andhasnormalswhich arecloseto parallel
to theaxisof symmetry, estimationhereis especiallydif�-
cult for methodsbasedon surfacenormallines. Sinceour
methodincorporatesnormal informationdifferently, these

Willis, A., Orriols,X. andCooper, D.B.

appearedin ACVA (aCVPRWorkshop)andfrom theProceedingsof CVPR(Conferenceon ComputerVisionandPatternRecognition),June2003

AccuratelyEstimatingSherd 3D SurfaceGeometrywith Applicationto Pot Reconstruction 5



(a) Sherdimage

0.0042 -0.0026 0.0001 0.0004

-0.0026 0.0031 0.0003 -0.0004

0.0001 0.0003 0.0002 -0.0001

0.0004 -0.0004 -0.0001 0.0002

(b) Axis parameterscovariancematrix (mm.)

(c) 95%con�denceinterval (mm.) (d) standarddeviation (mm.)

Figure7: ExperimentalResultsfor sherd1135

(a) Sherdimage

0.2317 -0.0771 0.0193 -0.0076

-0.0771 0.0715 -0.0078 0.0058

0.0193 -0.0078 0.0088 -0.0027

-0.0076 0.0058 -0.0027 0.0022

(b) Axis parameterscovariancematrix (mm.)

(c) 95%con�denceinterval (mm.) (d) standarddeviation (mm.)

Figure8: ExperimentalResultsfor sherd1313

apparentobstaclesdo not causeproblemsfor our axis es-
timationmethod.Uncertaintyin theaxis locationis repre-
sentedby parallelpro�le curvesin (c) andagainin (b) by
examiningelements(2,2) and (4,4) of the axis parameter
covariancematrix.

Fig (6) : thesherdherehassmallcurvaturesalongsherd
parallelsanda small region of high curvaturealongsherd
meridians.As in Fig. (5), we seethat whenthereis little

(a) p967dataprojection(mm.) (b) p1313dataprojection(mm.)

Figure9: Sherddataprojectedinto (r; z) planeusing the
meanaxisestimate.

data(i.e. a small sherd)combinedwith small curvatures
in the directionof the sherdparallels,it is dif�cult to ac-
curatelyestimatethe axis location. This is evident in the
paralleltranslationsof thepro�le curvesin (c) aswell asin
(b) by examiningthe covariancematrix. This leadsto an
importantinference:Sherdswhich havelittle datawith re-
spectto their subtendedangleabouttheaxisof revolution
andsmall curvaturesin the directionof thesurfaceparal-
lels havemore variation in their axis location parameters
(bx ; by ).

Fig (7) : thesherdherehashighly curvedparallelsand
meridians.Yet thesherdridgesarechippedandworn (see
part(a))whichgeneratesalargeamountof asymmetricdata
measurements.Our axis/pro�le curve estimateshereare
veryaccuratewhich re�ects goodrobustnessto asymmetry
in regionsof highcurvatureandto local surfacenoise.

Fig. (8) : the sherdhashigh frequency information in
the sherdmeridiansin the form of a ripple and two high
curvaturepointsat theapparentpot rim (see(a)). Sincethe
large majority of the sherdis well approximatedby an el-
lipsoid (see(c)), determininga unqueaxisdirectionhereis
dif�cult andreliesalmostexclusivelyondatameasurements
obtainedat therim. Ourmethodusestheglobalsherdinfor-
mationto provide anaccurateandstableaxis/pro�le curve
estimate.

7 Pot Reconstruction

Denote(all) the available geometricdataby � i;j , which
consitsof the break-curve data � i;j and the surfacedata

 i;j , this for sherdsi andj . Thenalignmentandpotmodel
estimationfor sherdi andj datasetsjointly is doneby the
minimizationoverall geometricparameters:

min [� log P f � i;j j � ij l ij ; T i ; T j ; � ij g] =

min [� log P f � i;j j T i ; T j g � log P f 
 i;j j T i ; T j ; l ij ; � ij g] = (6)

eT + egr ad 1 + constant;

whereeT is an energy function of the sherdboundary
data.Thegeometricparametersherearethejoint sherdaxis
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l i;j , the joint sherdpro�le curve � i;j , thebreakcurve � i;j

sharedby sherdi and sherdj (i.e. the curve on the pot
surfacealongwhich sherdsi andj broke) andT i andT j

whicharetheEuclideantransformationsto putsherdsi and
j , respectively, togetherto estimatea potmodelin standard
position,i.e.,having it' saxisasthez-axisof theworld coor-
dinatesystem.Maximizationof (6) isMLE (maximumlike-
lihoodestimation)of thegeometricparametersfor thecon-
�guration of sherdsi andj . (6) is our sherd-con�guration
performancefunctional. It extendstrivially to largecon�g-
urationsof sherds.MLE pot reconstructionis �nding con-
�gurations for which (6) is a maximum.The implemented
algorithmusesapproximationsfor doingtheminimization,
is computationallyfast,andis reasonablyaccuratefor the
few examplestried. Note,theapproximateprobabilityfunc-
tionsto beusedin (6) areobtainedfrom thebootstrapping
describedin §6 : (see[4] for how to specify(6) in termsof
theoriginaldatapoints).

8 Conclusion

We have presenteda highly accuratemethodfor automati-
cally estimatingaxially symmetricsurfacemodelsfor dense
3D laser scannerdata taken of pot sherds. The end re-
sult is an axis/pro�le curve pair for a sherd,andthis com-
pletelyspeci�esthesherdsurfacegeometry. If desired,the
accuracy of an estimatecan be even further improved by
not usingdata,in the estimationprocedure,that occursat
high-curvaturepointson the sherdsurface. This datacan
beeasilyautomaticallyidenti�ed by detectingdataoutliers
with respectto the pro�le curve modelsthat we presently
estimate.Our axis/pro�le curve estimatesarecloseto be-
ing maximumlikelihoodestimates,andshouldthereforebe
closeto maximumaccuracy becauseMLEs areknown to
beasymptoticallyof minimumvariance,andthenumberof
datapointswe usein estimatingsherdgeometryis of the
orderof 10,000.We estimatedmultivariateGaussiandistri-
butionsfor thesherdaxisandfor someof thesherdpro�le
curveparameters,andrelatedsomeaspectsof sherdgeome-
tries to thesedistributions. Finally, thesedistributionsare
important for pot reconstructionbecausethey tell the re-
constructionalgorithmhow muchcon�denceit canhave in
variousestimatedparameters.This materialis basedupon
work supportedby theNationalScienceFoundationunder
GrantNo. 0205477.
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